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ABSTRACT 

The mixin~ of compounds in a highly viscous medium is 

important in many industrial settings; from food processing 

to the manufacturing of rocket fuel and drugs . Experts in 

mixing have long been aware of how things become mixed in a 

nonturbulent flow, but there has been little quantitative 

analysis of such mixing processes. 

As recent developements in chaos theory have found their 

way into the engineering literature, there have been some 

attempts to apply these ideas toward numerically 

quantifying nonturbulent mixing processes. Chaos theory is 

a new name for an old subject in mathematics, dynamical 

systems theory which includes ergodic theory. By examining 

the older literature of er.godic theory, one can determine 

what is necessary to quantify nonturbulent mixing 

processes. This has lead to the methods which are suggested 

in this dissertation. 

After discussing some principles of ergodic theory, the 

design of a bladeless mixer is presented. The philosophy of 

this design is to a~~pt an abstract mathematically mixing 

system around which to design and build an actual machine. 

Ergodic theory is then used to develope methods for 

quantifying nonturbulent mixing processes by both 

experimental and numerical means. These methods are then 
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applied to the bladeless mixer. The results show that the 

design philosophy of the bladeless mixer is quite 

successful. 

-----------------------------~-----.--.... - .. "'--..... -.-'"-_ .. _--_._ ....... .. 
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INTRODUCTION 

The motivation for this dissertation ~omes from a real 

problem associated with the manufacturing of solid fuel 

propellants for rockets. In the manufacturing process, 

coarse and fine grained particles of oxidizer, ammonium 

perchlor.ate, are mixed with an inert binding agent, which 

is initially a liquid. After mixing, the mixture is cured 

so that the binding agent solidifies, resulting in the 

solid propellant. Using current manufacturing techniques 

there is an unacceptable variance in the performances of 

different batches of propellant. Experts in the 

manufacturing of solid propellant have suggested that poor 

mixing may be one of the sources for the variance between 

batches. There is concern that the distribution of coarse 

and fine grained particles of ammonium p~£chlorate is not 

uniform and might vary from batch to batch. 

The mixers currently used for production of the 

propellent might be inadequate for the job. These mixers 

are similar to those used by cookie manufacturers to 

distribute chocolate chips into chocolate chip cookies. The 

standards required by the propellant manufacturers are much 

stricter than those required by the cookie manufacturers so 

an investigation of mixing systems is warranted. 

Mixing systems may be studied using a branch of 
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mathematics known as ergodic theory. In this dissertation, 

we use results of ergodic theory to design and analyze a 

mixer. The problem is exciting in that it provides an 

opportuni ty to apply mathematical abstractions to a very 

real situation. Paul Erdos defines a mathematician as a 

machine that turns coffee into theorems. In this paper, our 

philosophy is a permutation of Paul Erdos' definition. That 

is to say, we choose and develope theorems that can be 

turned into a good machine, in this case a mixer. 

The design of the mixer presented in this paper is 

influenced by drawbacks with mixers currently being used by 

solid propellant manufactures. The blades of these mixers 

do not induce the intended response in the propellant as it 

is being mixed. This is because the binder is extremely 

viscous. Hence the mixing process is not very efficeint. 

Another big drawback with the current mixers is that the 

mixing process must frequently be interrupted so that the 

blades can be lifted from the mixer and scraped down. 

We design a bladeless mixer with the intention of 

overcoming the above mentioned shortcomings. A pump is used 

to move the medium in the mixer and its motion is 

determined by the shape of the mixing tank. The motion we 

select to assure mixing is guided by the results of ergodic 

theory. 

This work is best described as an application of ergodic 

----------------------------~ .. -" .. --.-. -." ... 
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theory. We present a brief view of the history of ergodic 

theory to place the mathematical contents of this 

dissertation in perspective. Ergodic theory is the 

investigation of measure preserving dynamical systems. An 

example of a measure preserving dynamical system is a 

Hamiltonian system where the flow preserves the measure of 

any set in the phase space. One uses ergodic theory to 

classify and characterize such ~ystems both qualitatively 

an quantitatively. 

The history of ergodic theory began with Birkhoff's 

proof of the existence of a time average over a domain for 

a certain class of functions (1931). A dynamic system was 

then defined to be ergodic if the time and space averages 

of the system coincide. Jon von Neumann made major 

contributions to ergodic theory by classifying the spectrum 

of the induced operators of discrete dynamical systems and 

relating the spectrum to mixing properties. 

The next outstanding developement in ergodic theory was 

Sinai and Kolmogorov' s (1958) discovery of an isomorphic 

invariant which they called the entropy of a system. In 

1972, Ornstein excited the mathematicRl world when he 

arrived at what had been one of the most intractable, yet 

highly sought after results in ergodic theol:'Y. He showed 

tha t two Bernoulli systems are isomorphic if and only if 

they have the same entropy. 

-----------------------------.~,---------------------
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Paralleling the developements in ergodic theory, a new 

branch of mathematics was budding off the already 

overburdened tree of mathematics; the study of chaotic 

systems. Smale's (1967) famous horseshoe lead mathematicians 

to investigate ergodic invariant sets that are generated by 

differential equations. 

The Lorenz attractor (1963) is 

Invariant sets wi th properties similar 

Lorenz attractor are called strange 

such an example. 

to those of the 

attractors. Many 

examples of strange at tractors are known; the common 

feature of all of the known strange attractors is that they 

have a non zero Lyapunov exponent. 

As the dynamical behavior on an attractor is ergodic, it 

is natural to find the entropy of an attractor and relate 

the entropy to the attractor's Lyapunov exponents. Explicit 

formulas relating these two quantities have been developed 

for a certain class of systems by Young (1984). In 

addidion, the advent of the computer age has made it 

possible to determine the entropy and Lyapunov exponents 

numerically (see Fraser (1986)). 

Another advance has been Ruelle's (1978) introduction of 

an analysis of ergodic systems motivated by results from 

thermodynamics. Bowen (1978) has carried out these ideas 

for a special 

diffeomorphisms. 

class 

This 

of systems 

analysis has 

known . as Axiom A 

lead to conclusions 

----------------------------~ .. -... ---.. -.-......... , .. - .. - .-." ...... _",,-_ ..... .. 
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concerning assymptotic mixing rates by studying the 

spectrum of the Perron-Frobenius operator. 

As with many theoretical developements, myths about the 

scope of chaos and ergodic theory have lead to incorrect 

application of some ideas. No result in this dissertation 

advances the theoretical base ot chaos or ergodic theory. 

Instead, we explain elements of the theory which are useful 

to us and arrive at a correct application of the theory to 

the design of a mixer as well as the developement of 

experimental and numerical methods for analyzing of mixing 

systems. 

A word should be said about this disEertation's style, 

particularly as it is to be read by a diverse audience. 

This issue of style is not a moot point in view of an 

experience I had with an excellent engineering student. The 

student complained that mathematical books are stuffed with 

disconnected definitions and theorems that seem pointless. 

I conceded that some books were written like this, but that 

definitions and theorems were the key components of 

arguments that clarified specific issues; and that there 

are good books that demonstrate this. He and I both reached 

into our respective bookbags to select a book that would 

prove our opposing opinions; we pulled out the same book. 

My opinion has. not changed since this encounter and so 

this dissertation will have its share of definitions and 

----------------------~.-... ----- -'-'-'" ...... '-'.' .. _- ............ --" ." 
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theorems. However, in honor of my friend, a detailed 

discussion of the Issues that the definitions and theorems 

clarify, and the specific implementation of the theorems to 

the design and analysis of the mixer will be presented. 

Examples to clarify definitions and demonstrate theorems 

are also included. Also included are remarks which are 

designated as such by the word "REMARK". These are tidbits 

of information which in some cases clarify issues and in 

some cases raise issues that are beyond the scope of this 

dissertation but may be investigated independently by the 

reader. 

It should also be noted that it is in the spirit of this 

paper to demonstrate how to use theorems and as such we do 

not present their proofs in the main body. Instead, proofs 

of original theorems are given in the appendices and a 

source is cited for proofs of all other theorems. 

The dissertation is divided into five chapters and the 

appendices. The first chapter presents the terminology and 

mathematical concepts around which the rest of the 

dissertation is centered. In addition a discussion of the 

mechanism of mixing is presented. This is standard material 

that can be found in many books on ergodicity. 

In the second chapter,'" we present the design of the 

bladeless mixer and relate the design features to the 

discussion of mixing that was presented in the first 

-----------------------~~ .. ------... -- .... 
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chapter. In addition, it is shown how to construct a system 

which is mathematically equivalent to the blade less mixer, 

but is easier to analyze. 

The third chapter developes the theoretical framework 

which simplifies the task of experimentally determining 

whether or not a mixing device is actually mixing its 

contents. Some experimental techniques which use the theory 

are suggested. 

The fourth chapter addresses the issue of useful 

measurements of rates of mixing. We begin by showing that 

the Lyapunov exponents and entropy should not be used as a 

measurement of mixing rates; although these quantities have 

been erroneously suggested for this purpose. We then 

discuss measurements of assymptotic rates of mixing, which 

have a theoretical appeal, but are not very interesting for 

mixing in finite time. Finally, we propose two alternative 

measurements of rates of mixing. 

The fifth chapter is the chapter of experimental and 

computer results. In corporate language, one would describe 

this chapter as the bottom line. First, an experiment for 

determining whether or not the bladeless mixer is mixing is 

described. This experiment was designed using the 

principles explained in chapter 3. The experiment was 

carried out in our lab and the results are presented. Next, 

we show how to. wri te computer code which computes the 
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performance criteria which were proposed in chapter 4. This 

code was implemented and results for several systems are 

presented. The final section of the chapter and 

dissertation presents some topics that might be interesting 

for future work. 

It should be noted that chapters 2, 3 and 4 can be read 

independently of eachother. Thus, if the reader is only 

interested in the experimental techniques developed in this 

dissertation, he could read chapters 1, 3 and the 

experimental results of chapter 5. 

--.---.--.----------.-----_________ ~ .• ___ ._._._-._ .... _. ·,··w .. _ •...... _ .. _ .... ___ ... _ . 
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CHAPTER 1 DYNAMICAL SYSTEMS 

In Section (i), we present some definitions that provide 

the basis for future discussions about mixing systems. 

Specifically, the definitions of dynamical systems, flows, 

and mixing systems given. Contrary to convention, we 

introduce the definition of mixing before that of 

ergodicity because mixing is a far more intuitive concept 

with which everyone has some familiarity. The definition of 

ergodici ty is given in Section (ii). In Section. (iii), more 

terminology is introduced within the context of a 

discussion of mixing systems. 

SECTION (I) PRELIMINARY DEFINITIONS 

We are interested in studying mixing processes. The 

first step in such a study is to develope a convention so 

that one can describe mixing processes. Let's describe the 

mixing of peanut butter cookie batter in a kitchen mixer as 

an example of what should be includ~~ in the convention. 

First, there is a bowl where mixing takes place. Also, 

it is important to describe the motion of the batter as it 

is being mixed. Finally, a complete description must 

include measurements of important quantities such as the 

amount of peanut butter in the bowl or any subset of the 

bowl at different values of time. The three features, 

domain, measure and motion have been formalized into 

----------------------~-------.~.-... ---.. -.-." .......... _ .... _- . ., ....... _ ..... _ ...... . 
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definitions that describe many mixing processes. 

Throughout this dissertation, the domain where mixing 

occurs is a bounded subset of Euclidean space and is 

denoted by the symbol, X. All the examples are in one, two 

or three dimensions, however, the definitions and theorems 

apply to more general domains. 

A measure over a domain gives the size of subsets within 

the domain. We consider the size to always be positive. If 

A is a subset of X, then the measure of A is denoted by 

m(A). In general it is not possible to determine the 

measure of all the subsets of a domain. Those subsets for 

which it is possible to determine the measure are called 

the measurable sets with respect to the measure, m. 

A measure on a domain must satisfy the property that if 

fA. I is a family of disjoint measurable sets, each of which 
J. 

is indexed by an integer, i, then m(U.A. )=L.m(A.). 
J. J. J. J. 

Throughout most of this dissertation, the measure of a 

subset, AsX, will be of the form, m(A)=Jg(x)dx, in which g 
A 

is a positive function. The pair (X,m) is called a measure 

space. 

EXAMPLE 1.1 The Standard Area 

If xc~2 and g(x)=l for all xEX, then m(A) is the 

standard area of A. 

----------------.------------~--.. -..• ---. _. ---_ .... '-',' ..... -_ ............ _' ...... . 
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It might seem unnatural to introduce a nonstandard 

measure on Euclidean space. The next demonstrates that a 

nonstandard measure is useful. 

EXAMPLE 1.2 The Mercater Projection 

Examine an ordinary wall map of the world, the Mercator 

Projection. It is known that areas of regions on the wall 

map are not proportional to their actual areas on the 

earth's surface (Greenland looks larger than South America 

even though it is much smaller). One could select a measure 

over the map so that the measure of subsets of the map are 

proportional to their actual surface area on earth. For 

such a measure, the function g(x) would tend toward zero as 

x tends toward the poles. 

The motion of the medium wi thin a mixing process is 

described by a map. 

DEFINITION 1.3 

A bijective measure preserving map, denoted by ~, over a 

measure space (X,m), is a function from the domain back to 

the domain that satisfies the following properties: 

(i) ~(x)=~(y) only if x=y (x,yEX); 

(ii) For every yEX, there is an xEX such that ~(x)=y; 

(iii) For every measurable subset A~, m(A)=m(~A), where 
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One thinks of the map as a description of motion by 

imagining that an element of the medium initially at the 

point x is moved to the position 4>(x). 'l'hroughout the 

dissertation, all of the maps will be piecewise continuous. 

In addition, for the systems that we will consider, the 

maps may change the location of elements but not the size 

of any subsets, as required by property (iii). Consider 

mixing peanut butter cookie batter once again. The mixing 

moves the peanut butter to different locations within the 

bowl, but the size of the space that the peanut butter 

occupies remains constant. 

All the features necessary to describe a mixing process 

have been explained. These features can be formalized into 

definitions that present the mathematical settings in which 

mixing systems live. 

DEFINITION 1.4 

The triple (X,m,4», is a discrete dynamical system 

provided that, (X, m) is a measure space with m (X) =1 and 4> 

is a bijective measure preserving map. (We refer to the 

triple (X,m,4» as a discrete system for short.) 

The word discrete is used in the above definition 
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because the map $, is used to give the position of elements 

within the domain at integer units of time. This is 

accomplished as follows. Say that an element of the medium 

is initially at the location xEX. Then the location of this 

element after k units of time has passed is given by 

where k is an 

integer and there are k $'s in each of the two right hand 

equalities. 

DEFINITION 1.5 

The triple (x,m,$t)' is a dynamic flow provided that the 

following properties are satisfied. 

(i) (X,m) is a measure space with m(X)=l. 

(ii) For every real valued t, $t' is a volume preserving 

map. 

(iii) $t+s=$t~$s for all real t and s. 

(iv) The family of mappings ($tl is measurable with 

respect to t. 

(We refer to the triple (X,m,$t) as a flow for short.) 

EXAMPLE 1.6 A Dynamical Flow 

As an example of a dynamical flow, consider mixing 

peanut butter cookie batter in a bowl by stirring with a 

spoon. Let (X,m) represent the bowl with the standard 

---------------------------~~ .. --- ... - .. -.- ..... - ....• '--.' .--- _ ... _.,._ .... __ ._ .. - . 
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volume as a measure on the bowl normalized so that m(X)=l. 

The family of mappings / CPt / describes the motion of the 

batter as follows. Label each element of the batter by its 

initial position, CPo (x)=x. Then for every real t/ the map 

CPt provides the location of each element at time t. If we 

consider the batter to be incompressible, then CPt is volume 

preserving for all t. Not any arbitrary stirring will 

satisfy property (iii) of definition 1.5. This condition is 

only satisfied when the stirring creates a time independent 

velocity field in the bowl. 

EXAMPLE 1.7 A System Induced by a Flow 

A discrete dynamical system can be extracted from the 

dynamical flow of the preceeding example as follows. Let 

(X/m) be as in the preceeding example. Also, assume that 

the time is normalized so that it takes one unit of time to 

stir the spoon· through one revolution within the bowl. Then 

(X / m / CP) is a discrete dynamical system where (P::CP1 and CP1 is 

as in the preceeding example. 

REMARK 1.8 

The method used to extract ~ discrete system from a flow 

as in example 1.7 is ~eneral and can be used on any flow. 

Hence / there is a discrete system associated with every 

flow. This is convenient as we can apply definitions and 

--------------------------------- - -
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theorems associated with discrete systems to flows by 

converting the flow to a discrete system. 

REMARK 1.9 

The condition that m(X)=l in both the definitions for 

discrete systems and flows is a convenience that allows one 

to take the measure of any subset of X as the proportion of 

the domain that the subset occupies. This does not place a 

rigid constraint on the acceptable measures because any 

measure can be normalized to satisfy this condition 

provided that the measure of X is finite. 

Below, is one more example of a discrete system. This 

example is important because it is mixing and will be used 

in the design of the bladeless mixer. 

EXAMPLE 1.10 The Baker's Map 

Let (X,m,$) be the unit square in ~2 with the standard 

area as a measure and the mapping be the Baker's Map, which 

is described below. 

The Baker's map is carried out in two steps. 

Step (i): Stretch the unit square into a rectangle with 

length two and width one. 

Step (ii): Cut the rectangle in half and stack regions 

two and four atop of regions one and three. 
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Fig 1.1 The Baker's Map 
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This gives the Baker's map, $, as in Figure 1.1. One can 

see for example that $(1/4,1/4)=(1/2,1/8). 

REMARK 1.11 

As previously stated, in all of our examples the domain 

is a subset of Euclidean space. This is not the general 

setting for dynamical systems, there are systems defined 

over defined over more abstract measure spaces. A well 

studied example is the Bernoulli (1965) shift which is a 

mapping over the domain of all two sided series of 

specified integers. For a detailed discussion of the 

Bernoulli shift as well as other examples, see Billingsley. 

As a convenience, the term system will mean either a 

discrete system or a flow. 

Until now, the term mixing has been used without 

explanation. A specific definition of mixing is necessary 

to set a standard and to provide criteria for determining 

whether a system is mixing or not. 

DEFINITION 1.12 

A discrete system, (X,m, CP) is mixing if for any two 

measurable subsets, A,BSX, 

lim m(cpkAnB ) = m(A) ·m(B). 
k .:c' 

The condition for a flow to be mixing is, 

-----~--------------------"----'---- --- .-- ... _- - -.. 
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To see how this definition relates to a physical 

problem, consider the example of mixing peanut butter 

cookie batter. Let us imagine that the peanut butter is 

initially thrown into the batter at an arbitrary location 

as a single lump. Consider this lump as a subset of the 

domain and denote this subset by the letter A. To test 

whether stirring of the batter is mixing or not, we stir 

for a while, say a time t, and then remove a scoop of the 

batter from the bowl. Consider the scoop to be a subset of 

the domain and denote it by the letter B. 

We want the batter to be well mixed, meaning that the 

peanut butter should be evenly distributed throughout the 

batter. Therefore, the desired amount of peanut butter in 

scoop B is proportional to the ~ize 'of scoop A times the 

size of scoop B. The definition of mixing requires that the 

amount of peanut butter in scoop B at time t, m(tPtAnB), 

approaches the desired amount, m (A) 'm (B), as time becomes 

arbitr~rily long. 

REMARK 1.13 

A system cannot achieve perfect mixing in finite time. 

This is because for any proper subset of the domain, there 

will always be regions of the domain that contain no 

---_ .. __ ._-------------------------
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elements of the subset. In the case of mixing peanut butter 

cookie batter this idea can be seen as follows. The lump of 

peanut butter can never fill up the entire bowl because the 

lump remains a constant size. But this means there will 

always be regions in the batter where there is no peanut 

butter, no matter how long we stir. Then perfect uniformity 

of the peanut butter distribution can never be achieved. 

SECTION (II) ERGODICITY 

It turns out that all mixing systems are 

Ergodic systems have nice properties that will 

ergodic. 

later be 

used, therefore, 

following example 

systems. 

we must understand ergodicity. The 

motivates the definition of ergodic 

EXAMPLE 1.14 An Ergodic System 

Suppose that we have hired a contractor to build a 

circular wall with radius one. Also, suppose that the 

contract stipulates that the average height of the wall 

will be within some given range of prescribed value. After 

the wall has been built, how can we determine whether or 

not the contractor has fulfilled his obligation? 

One way to do this would be by sampling the height at 

various points along the wall and seeing whether or not the 

average of these heights is within the bounds of the 

------------------------~ .. --~- .. - ... -.- ... "" . .... . ,,- " .. " ...... -- ..... 
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contract. The idea is that the average of our sampling 

should be close to the actual average height. This can be 

achieved if our sampling is large enough and uniformly 

spread over the circle. 

Let's pose this problem within the framework of a 

dynamical system. Let X be the unit circle and denote a 

point on the circle by the angle, ~E[0,2n). Let the measure 

of a subset A~X be m(A)=(1/2rr)·J d~. If cP maps the unit 
A 

circle back to itself, then the foward orbit of a point 

under <p generates a sampling. I.e.for ~E[0,2rr), take the 

sampling that will be used to approximate the average 

height of the wall to be the points {~ , <p(ex), <p2(~), 

n-l 
••• <P (~) I. (The set { ~E [ 0 , 2rr) I -IJ=<pn (~) for some integer nl 

is known as the orbit of ~. If we restrict n to the 

nonnegative integers then the set known as the foward 

orbi t. ) 

Let f(~) indicate the height of a point, ~, and 

f =(1/2rr) 'J2rrh(-IJ)d-IJ be the actual average height of the 
s 0 

wall. It is desired that the average height of the sampling 

approaches the actual average height as the sample size 

becomes arbitrarily large; i.e. we want 

lim (l/n).,~-lf(<Pj(<x)) = fT(<x) 
n 'XI j=O 

to exist and also we want 

(1 ) 

(2 ) 

Examine the map <P(~) = ~+~(mod 2rr), with f/E[0,2rr). This 

-----------------,--,,-, - _._--, ,._- -- .-
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map represents a rotation of the circle by the angle fJ. 

Suppose that 2rr is a rational multiple of fJ, fJ=12rr with 1 a 

rational number, i.e.1=p/q with both p and q integers. Then 

the sample (ex, <p( ex), ... , Ij>n (ex) I will not be uniformly 

distributed over the circle no matter how large n is, 

because ex=<pq(ex) so that the orbit is periodic with period 

q. Averaging over this sample will provide an average value 

of the wall height for the points (0:, <P(ex), ... , <p
q 

(ex) I no 

matter how large n is. Hence equation (2) will not be 

satisfied. 

On the other hand, if fJ is an irrational multiple of 2rr, 

then the orbit of any point will not be periodic. 

Furthermore, it is known that for any ex,8e[O,2n), the orbit 

of ex comes wi thin any arbitrary distance of 8 infinitely 

often. Hence the orbit of 0: comes arbi trarily close to 

every point on the circle. It is also known that this orbit 

generates a sample that satisfies equation (2) (see Arnold 

and Avez) . 

Now suppose that after the contractor has completed the 

wall, we decide to calculate its average height by 

truncating formula (1) after a sufficiently large number of 

points in the foward orbit have been used. Much to our 

dismay, we find that the contractor has not fullfilled his 

obligation and do not pay him. The contractor threatens to 

suit, but his case has no chance in court because we 
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understand the principle of ergodicity. 

The ideas of example 1.14 will be formalized into some 

definitions. For the definitions, we assume that there is 

an underlying system, (X,m,cp) or (X,m'CPt) and that f is a 

complex valued function over X which is integrable with 

respect to m. 

DEFINITION 1.15 

The space average of f, denoted by f s ' is the value of 

its integral over X with respect to the measure, mi 

f =J f(x)dm. 
s X 

DEFINITION 1.16 

The time average of f, denoted by fT' is a function on X 

given by the following formulas respctively for discrete 

systems and flows. 

fT(x)=lim (lin) .Lj:~f(CPj(X)) 
n iXI 

f
T

(x)=lim(l/t) .Jtf(CP (x))ds 
t iXI 0 S 

DEFINITION 1.17 

A system is ergodic if for any integrable function, f, 

the space average and the time average of f coincide except 

on a set of measure zero. (In other words, if s={xEXI 

------------------------~.--- .. --... -.---.... -- .... "' .. "- , ..... _ .. __ .... -. 
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The discrete system of example 1.14 where the circle is 

rotated through an angle which is an irrational multiple of 

2n is ergodic, because equation (2) is satisfied. The 

distinguishing feature of c::rgodic systems is that almost 

all of the orbits are dense in the domain. This means that 

the trajectory associated with almost every point in the 

domain comes arbitrarily close to all the other points in 

the domain so that the sampling provided by the trajectory 

is uniformly spread over the domain. 

SECTION (III) MIXING SYSTEMS 

In this section, we discuss the mechanism that induces 

mixing as well as properties that inhibit mixing. 

As a starting point, consider how we might mix the lump 

of peanut butter into the cookie batter. Initially, the 

grains of peanut butter {are close together, somehow they 

must be separated and distributed throughout the batter. 

One could accomplish this by continually stretching the 

lump irto a longer and longer strand like spaghetti, while 

redistributing the strand throughout the domain. Another 

possibility would be to stretch the lump in two directions 

so that it is flattened like a sheet of paper, while 

folding the sheet throughout the domain. 

Stretching and redistribution of the medium within the 

------------------------~.-... -... - .. -.- ..... " '. -.", 
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domain are the mechanisms which induce mixing. This can be 

illustrated with an example. 

EXAMPLE 1.18 Mixing of the Baker's Map 

Consider the dynamical system of Example 1.10, the 

Baker's Map. The unit square is stretched in the horizontal 

direction and then redistributed back into its domain by 

cutting and stacking. In the Figure 1.2, the unit square is 

partitioned into sixteen cells and the orbit of one of the 

cells is tracked through four iterates of the Baker's Map. 

After just four iterations, the colored region, which 

isinitially contained within one cell, is distributed 

uniformly in all sixteen cells. By further partitioning the 

unit square into smaller and smaller cells, one can 

rigours1y prove that the' Baker's Map generates a mixing 

discrete system. 

We next consider some examples of systems that are not 

mixing and identify the features that inhibit mixing. These 

examples motivate some definitions and results. 

EXAMPLE 1.19 Invariant Sets 

Consider again the stirring of peanut 

batter in a bowl. Suppose that the stirring 

butter cookie 

of the batter 

induces no vertical motion so that all the elements of the 
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Figure 1.2 Mixing of the Baker's Map 
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batter always lie in their original horizontal cross 

section. Then elements wi thin the upper half of the bowl 

remain in the upper half of the bowl. Thus, if the lump of 

peanut butter is initially thrown into the upper half of 

the bowl, there will never be any peanut butter in the 

lower half of the bowl no matter how long the batter is 

stirred. If A is the lump of peanut butter and B is the 

lower half of the bowl, then m (41t AnB) =0 for all time and 

the system is not mixing. 

It is clear that the system is not ergodic either. 

Recall that the hallmark of an ergodic system is that 

almost every trajectory comes arbitrarily close to every 

other point in the domain. In this case, no trajectory near 

the top of the bowl comes anywhere close to any points near 

the bottom of the bowl. Hence, the space and time averages 

of the function, f(x), given by f(x)=l if x is in the upper 

half of the bowl and f(x)=O if x is in the lower half of the 

bowl do not coincide as fT(x)=f(x), but f s (x)=1/2. 

The above example motivates two definitions. 

DEFINITION 1.20 

Let (X, m) be a measure space and A be a measurable 

subset of X. Then A is a nontrivial set if O~m(A)<m(X). 

DEFINITION 1.21 

------------------------~ .. -... --.----........ --.. '" '-' ..... _ .. __ ....... - ..... _._ .•...... 
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Let (X,m,~) be a discrete system and A~X. Then A is an 

invariant set if ~(A)=A. The corresponding condition for A 

to be an invariant set of a flow is that ~t (A) =A for all 

real t. 

An invariant set is one which is not moved by the 

system. The upper half of the bowl in example 1.19 is one 

of many invariant sets for that system. It is clear that a 

system is neither mixing nor ergodic if there exists a 

nontrivial invariant subset of the domain. The next theorem 

addresses the opposite of this statement for ergodicity. 

THEOREM 1.22 (see Arnold and Avez (1968)) 

A dynamical system is ergodic if and only if there are 

no nontrivial invariant sets. 

The next two examples demonstrate that ergodicity is not 

sufficient to guarantee mixing. 

EXAMPLE 1.23 Periodic Sets 

Suppose we have two identical kitchen mixers each with 

its own bowl, B1 and B2 . Let X=B1uB 2 and a measure, m, be 

the standard volume in m3 , normalized so that m(X)=l. 

Define a map, ~, as follows. Turn on each mixer for a unit 

length of time and then swap the contents of B1 with B2 . 
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Then (X,m,~) is a discrete system. 

Suppose further that each mixer independantly induces an 

ergodic motion, that is to say that the system given by the 

motion of the medium in only one bowl with only one mixer 

is ergodic. Then the system (X,m,~) is also ergodic a~ the 

swapping of contents insures that there are no invariant 

sets. However, if we initially throw a lump of peanutbutter 

into B1 , then there will never be any peanut butter in B1 

on the odd iterates of the map. Therefore, the definition 

of a mixing system is not satisfied. 

DEFINITION 1.24 

Let (X,m,~) be a discrete system and Af:X. Then A is a 

periodic set if there is an integer k such that ~k(A)=A. 

The corresponding condition for a flow is that there exists 

a nonzero t such that ~t(A)=A. 

If (X,m,~) is a discrete system with a nontrivial 

periodic set, A, and k is the smallest positive integer so 

that ~k(A)=A, then A is an invariant set for the discrete 

k system (X,m,$ ). Hence, (X,m/$) is not mixing as k (X,m,$ ) 

is not mixing; in fact the latter system is not even 

ergodic although the former system may be ergodic as in the 

preceeding example. 

The following is another example of an ergodic system 

--------------------------,-~,.-... -..•. ----.- ............. . 
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that is not mixing. 

EXAMPLE 1. 25 Another Ergodic, Nonmixing System 

Imagine that the unit square is a frictionless billiard 

table upon which we are shooting a single billiard ball. 

Furthermore, assume that any collision between the billiard 

ball and the sides of the table is perfectly elastic and 

reflective. It can be shown that if the ball is shot along 

a path with rational slope, then the ball will return to 

its original position and continue on a . periodic 

trajectory. However, if the slope is irrational, then the 

trajectory will not be periodic and will densely cover the 

billiard table (see Figure 1.3(a)). This same principle can 

be used to construct an ergodic system which is not mixing. 

Let (X, m) be the unit square in )R2 with the standard 

area as its measure. Put a flow on the unit square as 

rational number, then every trajectory is periodic; 

however, if a is irrational, then the flow is ergodic. Even 

when a is irrational, the flow is not mixing, because the 

flow simply translates sets and translation cannot create 

mixing (see Figure 1.3(b)). 

----------------------~ .. -.. -----.. -.-.-- ..... -



(a) 

Billiard ball shot with :;Iope 1 returns to its original 

position and continues on a periodic trajectory. 

(b) 

Laughing Buddah keeps smiling serenely as he is 

translated everywhere throughout his domain. 

Figure 1.3 Translations on the Unit Square 
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CHAPTER 2 DESIGN OF THE BLADELESS MIXER 

In Section one of this chapter, we describe some 

features of the bladeless mixer. In Section two it is shown 

that the flow induced by the mixer is isomorphic to another 

flow known as the suspended flow. This means that the 

actual flow and the suspended flow are in some sense 

equivalent. In Section three, we analyze the suspended 

flow, which is equivalent to an analysis of the actual flow 

since the two are isomorphic. 

SECTION (I) THE BLADELESS MIXER 

A sketch of the bladeless mixer is shown in figure 2.1. 

The contents in the tank are forced downward into the pump 

and then recirculated to the top of the tank by the pipe. 

In the series of Figures 2.2 (a) 2.2 (e), a horizontal 

cross section from the top of the tank is tracked as it 

circulates one time through the mixer. The perspective of 

these figures is from an overhead view of the mixer in 

which the large outer square is the top of the tank and the 

small inner square is the bottom of the tank. 

In Figure 2.2(a), the section is sitting at the top of 

the tank. Figure 2.2 (b) shows the position of the cross 

section when it is drawn to the bottom of the tank. 

Afterwards, the cross section is flipped upside down as it 

is driven through the pump. Figure 2.2(c) shows its 

--------------------------~.-~------.-..................... -............... --'." .. 
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Figure 2.1 The Bladeless Mixer 

---------------------~.----------..... -.. - .. - ... ., .... - --..... - .- ... --....... . 
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1 2 

(a) (b) 

(c) (d) 

3 

1 

(e) 

Figure 2.2 Overhead Views of Mixer 
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orientation after exiting from the top of the pump. The 

pipe splitting separates the cross section as shown in 

Figure 2.2(d). Afterwards, baffles reinsert the cross 

section back to the top of the tank as shown in Figure 

2.2(e) . 

Each circulation from the top of the tank back to the 

top of the tank defines a dynamical system which we denote 

by (Xb,mb'~b). The domain, Xb , is the square that lies at 

the top of the tank. The map, ~b' is €:xplici tly seen by 

comparing Figures 2.2(a) and 2.2(e). Uote that this looks 

like a Baker's Map. The measure of a set A~Xb is given by 

the following formula: 

mb (A) = (J A (v (x) . n) da , 

where v(x) is the velocity of the flow in the mixer at the 

point x, n is the normal vector to the cross section (hence 

(v(x) ·n) is the vertical component of the velocity) and da 

is the standard area infinitesimal. The measure of a set is 

the normalized volume flux through that set. The map, ~b' 

must be measure preserving with respect to mb because the 

contents of the tank are assumed to be an incompressible 

fluid. The system, (Xb,mb'~b)' is known as the base system. 

Another feature of the bladeless mixer is that the 

geometry of the tank as well as viscous effects cause 

elements in the center of the cross section to recirculate 

much faster than those close to the tank's wall. For XEXb , 

----------------------------~ .. -... -... - .. -." ... 
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we will denote the recirculation time of x by r(x), which 

is known as the roof function. Furthermore, we assume that 

the unit of time is such that (l/mb (xb ) )Jx r(x)dmb=1. In 
b 

Appendix 1, it is shown that this normalization also 

normalizes the measure of the cross section so that 

mb (Xb )=l. 

In the next section, it is shown that the base system 

and roof function completely characterize the mixer. 

SECTION (II) ISOMORPHISMS 

Imagine that there are two bladeless mixers, each with 

its own base system and roof function. It is of interest to 

know when the properties of the flows of the mixers are the 

same. We will show that the properties are the same when 

the base systems and roof functions are the same, hence the 

base system and roof function characterize the flow. ~o 

demonstrate this fact requires an understanding of 

isomorphisms. 

DEFINITION 2.1 

Let (X,m,4» and (X' ,m' ,4>') be two dynamical systems. 

These systems are isomorphic provided that there is a 

bijective function, f:X X', that satisfies the following 

properties: 

(i) 4>(x)=f-1 (4>' (f(x))) for almost all xEX, 

--------------------------~,.-.. --.-.,---..... - .... , .. '-'.' . __ .. '"'''' ' ... ---_ ..... , 



(b) 

(a) 

f 
x --------.. x'=f(x) 

.. 
CP(x)=f -1 ( C:P'(f(x))) 

-1 
f cp' (x') 

Isomorphic discrete systems commute as in figure (a). 

.. 

f 

-1 
f 

-1 x=f (x') x'=f(x) 

'" -1 ~ 't': (x) = f ('t': (x') ) 
t t 

c:P. (x') = f( CP (x) ) 
t t 

Trajectories of isomorphic flows commute for all 

t as in figure (b). 

Figure 2.3 Isomorphic Systems 

46 
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(ii) m(A)=m' (fA) for all measurable A~. 

Two flows, (x,m,$t) and (X',m',$t)' are isomorphic provided 

that there is a bijective function, f:X X', that satisfies 

the following properties: 

(i) $t(X)=f-1 ($t(f(X») for all real t and almost all 

xEX, 

(ii) m(A)=~(£A) for all measurable ASX. 

The function, f, in definition 2.1 is referred to as the 

isomorphism between the systems. An isomorphism maps the 

orbi ts of isomorphic discrete systems to one another and 

the trajectories of isomorphic flows to one another. This 

is illustrated in Figure 2.3 . 

If two systems are isomorphic, then one can use the 

isomorphism to transfer information between the systems; 

just as one can transfer the trajectory of an airplane from 

a map to a globe. In the following example, we demonstrate 

how to transfer information between isomorphic systems in 

the proof of a theorem. 

EXAMPLE 2.2 Mixing of Isomorphic Systems 

Theorem: Let (x,m,$t) and (X' ,m' ,$t) be two isomorphic 

flows. Then (X,m,$t) is mixing if and only if (X',m',$t) is 

mixing. 

Proof: Assume (x,m,$t) is mixing. We must show that 

------------------------.~.-.-----.-.---".- -_.---.- .. _--.---- .. -._ .. __ .. _-_ .. _ .. ----.- . 
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is also mixing; i.e. lim m' (<I>i:AnB)=/J(A)'/J(B), 
t 'XI 

for A,BCX'. We have: 

lim m' (<I>i:AnB)=lim m(f-1(<I>i:AnB) )=lim m( (f-1(<I>i:A) )nf-1B) 
t ~. t -:co t 'XI 

=lim m(<I>t(f-1A)nf-1B)=m(f-1A) .m(f-1B)=/J(A) ·/J(B). 
t ~-

Similarly, if (X' ,m' ,<I>i:) is mixing, then for C,D~X, we 

have: 

lim 
t 'XI 

lim 
t -x· 

= lim 
t 'x' 

= lim m' (¢i:(fC)nfD) 
t -:co 

= m'(fC)·m'(fD) 

= m(C)·m(D). 

This completes the proof. 

Another property of isomorphisms is that they form an 

equivalence relation. This means that if system one is 

isomorphic to system two and system two is isomorphic to 

system three, then system one is also isomorphic to system 

three. 

There is a simple method to construct a flow that is 

isomorphic to the flow of the bladeless mixer using only 

the base system, (Xb,.rnb,<t>b)' and the roof function, rex). 

The isomorphic flow is known as the suspended flow and will 

be denoted by (Y,/J'~t)' The domain of the suspended flow is 

the set, Y=[(x,L)EXbxffi/ X€Xb and O~r<r(x)l. The flow, ~t' 

-----------------------.-----~--."- .. ----.. ,, ...... '''' .... - ............... _---... . 
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(b) 

~(x)i 

x' ctt(X') 

Figure (a) shows a portion of the trajectory of a point x 

in the mixer. Figure (b) is a portion of the corresponding 

trajectory of the suspended flow. 

Figure 2.4 The Suspended Flow 

49 

------------------------~._~--'-~-_ .. _." ... _'.- '_.,' , .... _-,. __ ... _ .. _ .. _-".- , 



I ..... 

50 

moves an element, (x, 1:) E:'{, foward in time by advancing the 

1: coordinate with unit speed while holding the x coordinate 

fixed until ~=r(x). When ~=r(x), the x coordinate is mapped 

to $b(x) and the ~ coordinate is instantaneously reset to 

zero. A sketch of this process is given in Figure 2.4. 

The measure of the suspended flow is given as follows: 

/-l(Axl) =mb (A) ·L (I) , 

where A!:Xb , I!:1R and L denotes the standard length of a 

subset in IR. More generally, 

rex) 
/-l(S)=Jx J Xs(x,L)dLdmb , where, 

b 0 

Note that 

THEOREM 2.3 

X (x,t')=l 
S 

=0 

if (x, L) ES 

otherwise. 

/-l(Y) =1 because of 

(Appendix 1) 

the 

if S!:Y, then 

assumption that 

The system is a dynamical flow and is 

isomorphic to the flow of the mixer. 

If the base systems and roof functions of two different 

mixers are the same, then their suspended flows are also 

the same. Hence, the two mixers are isomorphic because they 

are both isomorphic to the same suspended flow and 

isomorphisms form an equivalence relation. To determine the 

properties of the flows, it is only necessary to determine 
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the properties of the suspended flow. 

Another advantage in considering the suspended flow is 

that it is easier to write computer code that simulates a 

suspended flow than to write code for the actual flow. This 

simplifies a numerical investigation of the flow. 

REMARK 2.4 

A suspension can be constructed from any flow by taking 

an appropriate section of the domain as the domain for the 

base system. Therefore, studying the properties of 

suspended flows is equivalent to studying the properties of 

all flows. 

SECTION III ANALYSIS OF THE SUSPENDED FLOW 

In this section we associate properties of base system 

and roof function with those of their underlying flow. This 

is accomplished by examining the suspended flow. Because 

the suspended flow is isomorphic to the original flow, the 

original flow will have the same properties as the 

suspended flow. The results are presented as theorems. 

THEOREM: 2.4 (Appendix 2) 

A suspended flow is ergodic if and only if its base system 

is ergodic. 

---------------------------~--... -.-.--.. -- ..... . 
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r'=2r 

r z:z:zz 

(a) 

XXXX yyyy 

base space 

r'=2r 

r yyyy 
(b) 

XX I 'ZZ Ixx I 'ZZ 

base space 

Figure (a) is the configuration of the sets X. Y ;Z at time 

t=O. Figure (b) is their configuration at time t=r. The 

union of these sets is a periodic set so the flow is not mixing. 

Figure 2.5 Suspended Flow with Rationally Correlated Roof Function 

------------------~------.~.---.----- ... - ...... ~ ...... -_.'-'-"-".---""_." 
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THEOREM 2.5 (Appendix 3) 

Let the base map of a flow be mixing. If the roof 

funcion assumes only a finite number of values and the 

values are all rational multiples of one another, then the 

flow is not mixing. 

The roof function as described in Theorem 2.5 inhibits 

mixing because the rational correlation creates periodic 

sets. This is illustrated in Figure 2.5. 

The heuristic reasoning for designing the bladeless 

mixer as we did is that mixing occurs in horizontal cross 

sections because the base map is similar to the Baker's Map 

which is known to be mixing. Mixing also occurs in the 

vertical direction because the singularities of theroof 

function assure that it is not rationally correlated as in 

Theorem 2.5. It would be nice if there was a result which 

would provide sufficeint and necessary conditions on the 

base map and roof function to guarantee that the suspended 

flow is mixing. Unfortunately, we know of no such result. 

REMARK 2.6 

Rychlik in private communication has presented the 

author with a proof that if the base map is Axiom A, then 

the suspended flow is mixing if and only if the roof 

function is not of the form rex) = u(x) - u(<Pb(x)) + c, for 
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any real function, u, and any real constant, c. This claim 

is stated but not proven in Bowen and Ruelle (1975). 

-------------------~----,--" .. - ... ,'-"",',,.- '-'"'''''''''--'-''''' , 
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CHAPTER 3 HOW TO DESIGN AN EXPERIMENT 

This chapter presents a method to determine whether or 

not a system is mixing. The theoretical foundation for the 

method is presented in Section (i). In Section (ii), the 

method is presented within the context of an experimental 

setup for an actual mixing machine. 

SECTION (I) THEORETICAL PRELIMINARIES 

For a physical mixing machine, it is impossible to 

determine whether or not mixing is actually occuring by 

directly applying the definition. To do so would require a 

verification that the convergence criteria of definition 

1.12 be met for every pair of subsets in the domain. But 

there are an infinite number of pairs of subset and to 

verify the criteria for every pair is impossible. It would 

be nice if one could be confident that a system is mixing 

provided that the convergence criteria is satisfied for a 

single pair of nontrivial subsets. Such a result is the 

objective of this section. 

At first glance, one doesn't expect to be confident that 

a system is mixing if a single pair of sets satisfies the 

convergence criteria. In fact the statement is not true in 

general. However, if the system is ergodic, then the result 

seems more plausible. This is because for an ergodic 

system, every nontrivial subset of the domain is mapped to 

------------------------~ .. -.- .... --.-.-..................... - .. , ......... - ..... -
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every ~ther nontrivial set at some time. Hence, a 

characteristic that is attributable to one pair of subsets 

is attributable to all pairs. This reasoning can be 

formalized into the following theorem. 

THEOREM 3.1 Ap}>endix 4 ) 

Let (X, m, cP) be an ergodic discrete system. If there 

exists a pair of nontrivial subsets of the domain, A,BCX, 

such that for all measurable subsets, A' £A and B' £B, lim 
k "-' 

m(cPkA'nB)=m(A) 'm(B), then the system, (X,m,cP), is mixing. 

For a dynamical flow, everything is as above, except the 

condition required for 

m(cPtA'nB' )=m(A') ·m(B'). 

mixing is: lim 
t ,~ 

The above theorem is still not very satisfactory as a 

cri teria to determine whether or not a system is mixing. 

This is because one has to show that the appropriate limit 

is obtained for every pair of subsets of A and B. But there 

are infinitely many pairs of subsets, so this is no simpler 

than directly applying the definition of mixing. The 

theorem does show, however that knowledge of whether or not 

a system is mixing is contained wi thin a single pair of 

subsets of the domain albei t one must know everything 

about this pair of sets including their subsets). Hence, it 

seems hopeful that a more utilitarian result can be 

----------------------_. -_ .... -.. _.- -... 
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established. 

A more useful result is given. To explain this result it 

is necessary to introduce a theorem and more definitions. 

THEOREM 3.2 (see Halmos (1956)) 

A discrete system, (X,m,$), is mixing if and only if for 

all pairs of' square integrable functions, f and g, over X, 

lim J f(x) .g($k(x))dm=J f(x)dm'J g(x)dm. 
k ':c, X X X 

For a flow, the criteria is: 

lim J f(x) ·g($t(x) )dm=J f(x)dm'J g(x)dm. 
t:c X X X 

( A function, f, is square integrable if Jxlf(x) 12dm<~.) 

To gain an intuition for the equivalence of mixing with 

the criteria stated above, consider the situation for a 

special f and g. Let f (x) be the characteristic function 

for some measurable set ACX and g(x) be the characteristic 

function of some measurable set BeX. Hence, f(x) is given 

as follows: 

f(x}=l 

=0 

if xEA 

otherwise, 

and similarly for g(x). 

The following formulas are consequences 

definitions and are computed in remark 3.4. 

of 

m (A) . m ( B ) = J f (x) dm . J g (x) dm ( i ) 
X X 

the 

-------------------------_ .. __ ._ .... _-_ ...................... "- .......... __ ... . 
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m(cPtAnB)=J f(x) ·g(cPt(x))dm 
x 

(ii) 

Using the left hand sides of (i) and (ii) in place of the 

integrals in Theorem 3.2, it is observed that the theorem 

is simply a restatement of the definition of mixing for the 

characteristic functions. 

REMARK 3.3 

The case for general integrable functions is arrived at 

through a standard method of analysis whereby any 

integrable function is approximated by a sum of 

characteristic functions. The sum is refined to converge to 

the original function. For a rigorous treatment of this 

issue, see Rudin. 

REMARK 3.4 

Formulas (i) and (ii) are derived as follows. Let Xs be 

the indicater function for some measurable set S. Then, 

m(S)=J dm=J XS(x)dm; 
S X 

which gives (i). Now let S=cPtAnB=lxEAI cPt(X)EBI. Then, 

Xs (x)=l if XEA and cPt(X)EB 

=0 otherwise 

Therefore, m(S)=J xs(x)dm=J XA(x) 'XB(cPt(x))dm, 
X X 

which is 

equivalent to (ii). 

--------------------------~ .. -.. ---.-----, ................ - ..... _ ........ __ ...... . 
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The result of Theorem 3.2 can be taken as an alternative 

definition of mixing. This perspective allows us to address 

the issue of whether or not one can be confident that a 

system is mixing by knowing that the appropriate 

convergence criteria is met for a single pair of subsets as 

follows. Consider the space of all pairs of integrables 

functions over X and denote this space by (L 2 (X)xL 2 (X)). We 

now ask the following question~ " If a system is not 

mixing, how big is the set of all points 

(f,g)€(L 2 (X)xL 2 (X)) such that lim J f(x) ·g(<Ptx)dm does not 
t·X' X 

converge to J f(x)dm'J g(x)dm?". We denote this set by the 
X X 

letter N. 

The strategy is to show that for a nonmixing system, N 

is indeed a very big set. In fact it is almost the entire 

space (L 2 xL 2 ). Hence, for arbitrary nontrivial sets, A,BcX, 

the characteristic funcions (XA,XB) would most likely be in 

the set N of a nonmixing system. Therefore, if the 

convergence criteria is met, then N is probably an empty 

set. This gives us confidence that the system is mixing. 

The example below is an analogy. 

EXAMPLE 3.5 The Archery Targets 

Imagine that an archer is shooting at one of two 

targets. Suppose that one target is completely black while 

the other target is white everywhere except on its boundary 
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where it is black. The question we ask is; "Can we 

determine which target the archer is shooting at by only 

knowing the color that an arrow strikes'(". We should be 

reasonably confident that if the arrow strikes black, then 

the archer is shooting at the black target. 

The analogy relates to the investigation of the mixing 

properties of a system as follows. We are given a system 

which is either mixing or not mixing, just as the archer is 

shooting at the black target or the nearly all white 

target. Each target represents the space (L 2 XL2) for a 

dynamical system inwhich the set of all points where the 

criteria for mixing is satisfied is colored black and the 

set N is colored white. If one can show that the set N is 

big for a nonmixing system, then the target representing 

the nonmixing system should be almost completely white as 

in the example. The point where the arrow lands represents 

an arbitrary element of (L 2 XL 2 ), which we take to be the 

pair of functions (XA,XB). The conclusion as to whether the 

system is mixing or not is drawn in the same manner as the 

conclusion about which target the archer is shooting at. 

A natural way to show that the set N is big would be to 

put a measure on the space L2 (X) XL 2 
(X) and show that the 

measure of the compliment of N is zero. Unfortunately, 

measures on infinite dimensional spaces have unusual 
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properties, so a measure that would be appropriate for this 

approach cannot be developed. An alternative approach is to 

show that N is an open and dense set in L2 (X) XL 2 (X). In 

Euclidean space, the compliment of open and dense sets are 

of measure zero, hence, this is a reasonable approach. The 

resul t is given in Theorem 3.22 on page 67. The material 

from this point until Theorem 3.22 developes the topology 

of the space L2 (X)xL 2 (X). In particular this material 

discusses the precise meaning of open and dense sets. This 

material may be skipped if the reader understands these 

ideas. 

DEFINITION 3.6 

Let V be a space (a set of elements). A metric, denoted 

by the letter d, on V is a nonnegative function on Vxv that 

satisfies the following conditions: 

(i) d(v1 ,v2 )=O if and only if v 1=v2 ' 

(ii) d(v
1

,v2 )=d(v
2

,v
1

), 

(iii) d(vl,v2)~d(v1,v3)+d(v2,v3) (triangle inequality), 

where v 1 ,v2 and v3 are elements of V. 

The metric is a generalization of the standard distance 

in Euclidean space. Hence, these conditions are chosen to 

endow the space, V, with a structure that is similar to 

Euclidean space. Property (iii) is the statement that in 

-------------------------------------
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th~ space, one leg of any triangle is shorter than the sum 

of the lengths of the other two legs. 

EXAMPLE 3.7 The Standard Metric 

The usual distance between points in Euclidean space is 

a metric on Euclidean space. 

EXAMPLE 3.8 The Metric on L2 (X) 

Let V=L 2 (X) and f,gEV. Then the function d given by: 

d(f,g)=J If(x)-g(x) 12dm 
X 

is a metric on V. 

EXAMPLE 3.9 The Metric on L2 (X)XL 2 (X) 

Let V=(L 2 (X)xL 2 (X)) and (f,g)=[(f1 ,f2 ),(gl,g2)]EV. Then 

d(f,g) given by : 

d(f,g) = J If1 (x)-gl (x) 12dm + J If 2 (x)-g2(x) 12dm , 
X X 

is a metric on V. 

REMARK 3.10 

Two functions are considered to be the same point in L2 (X) 

provided that the set in X where they differ has measure zero. 

With this convention, the metric of Example 3.8 satisfies property 

(i). Property (ii) is an easy consequence o~ the identity 

laI2=I-aI2 for any complex number, a. The triangle inequality is 

satified as follows. For any two complex numbers, a and b, 



la+bI 2slaI 2+lbI 2 . Therefore, d(f,g) = J If(x)-g(x) 1
2dm 

X 

REMARK 3.11 

= J If(x) -h(x)+h(x)-g(x) 1
2dm 

X 

s J If(x)-h(x) 1
2+lh(X)-9(x) 1

2dm 
X 

= d ( f , g) +d ( 9 , h) • 
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Example 3.9 demonstrates a general way to construct a 

* metric on product spaces. If V is a space with a metric d , 

then one can construct a metric on vxv using the following 

formula: 

* * d{v,w) = d (v1 ,w1 ) + d (v2 ,w2 ), where 

(v, w) = [( v 1 ' w 1) , (v 2' w 2) ] €VxV • 

REMARK 3.12 

Metrics on a set of elements are not unique. For 

example, one could endow the Cartesian plane with the 

standard Euclidean metric, or one could consider the 

Cartesian plane as m1 xm1 and construct a metric as in 

Remark 3.11. It is conventional to name a space according 

to the metric it carries. So L2 (X) always carries the 

metric given by Example 3.8. 

If a space has a metric, then the metric can be used to 

characterize subsets of the space. This is useful since we 

----------------------~ .. --.- ..... -.-.- .. 
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. h t h t' t h t NE ( L 2 (X) xL 2 (X) ) W1S 0 C arac er1ze e se, for a 

nonmixing system. 

DEFINITION 3.13 

Let V be a space with the metric, d. A subset WS;V is 

Open if for every wEW, there is an £) 0 such that the set 

B(w,£l=fvEVI d(w,v)<£1 is contained in W (i.e. B(w,£)~Wl. 

EXAMPLE 3.14 Open Sets in the Unit Interval 

Let V be the unit interval, [O,lJ and the metric on V be 

the usual distance between points. Then the subset (0,1/4) 

is an open set. A single point is not an open set. Other 

sets that are not open are the set of all rational numbers 

in the unit interval as well as the set of all irrationals. 

EXAMPLE 3.15 Open Sets on the Archery Target 

Let V be the target of Example 3.4 which has a white 

interior with d the usual distance between points in a 

plane. Then the set of elements which are colored white is 

an open set. The boundary of the target is not an open set. 

Example 3.16 Open Sets in L2 (X) 

Let X 

W= f fEL2 (Xl I 

2 be the unit interval and V=L (Xl. Also let 

I Pf (xl 'sinxdx 1<11. Then W is an open set in 
o 

L2 (X). This is because for any fOEW, we can choose £ small 

--- ------ -------------------------~-----.--.-,--.-'" 
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enough so that I J1 (fO (x) +£g (x) ) ·sinxdx I <1 for any gEL 2 (X) . 
o 

On the other hand, if the inequality that defines W were 

changed to a strict equality, then the set would not be 

open. 

From the above examples, it is seen that open sets do 

not necessarily fill out a large region of their underlying 

space. Sets which contain elements from a large portion of 

their space ar known as everywhere dense. 

DEFINITION 3.17 

Let V be a space with a metric, d. Then the subset WSV 

is everYfo,There dense if for every VEV and every oQ, there 

is a wEW such that d(v,w)<c. 

In simpler terms a set is everywhere dense in a space, 

provided that for any point in the space, there are 

elements in the set that are arbitrarily close to it. 

EXAMPLE 3.18 Every Dense Sets in the unit Interval 

The set (0,1/4) is not everywhere dense in the unit 

interval i the set does not corne arbitrarily close to any 

points in (1/4,1). 

The set of all rational numbers in the unit interval is 

everywhere dense in the unit interval. This can be seen as 

--------------------------~.-.----.-.-...... -........ _ ..... __ .. _ .... _ ... _ ..... __ ..... . 
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follows. Suppose x€[O,l] is some real number. This number 

can be approximated by expressing the number in decimal 

form and taking a finite number of terms of the expansion. 

By taking more terms in the expansion, we create a series 

of rational numbers that gets arbitrarily close to x. 

The set of irrational numbers is also everywhere dense 

in the unit interval. Recall, that neither the ratio'nals 

nor the irrationals are open in the unit interval. 

EXAMPLE 3.19 Everywhere Dense Sets on the Archery Target 

The set of target elements that are colored white from 

Example 3.4 are everywhere dense on the target. This is 

because there are elements from this set that are 

arbi trarily close to the boundary. The bondary itself is 

neither open nor everywhere dense over the target. 

EXAMPLE 3.20 Everywhere Dense Sets in L2 (0,1) 

Let V=L 2 (O,1) as in example 3.16. Then the set of all 

polynomial functions is everywhere dense in V. This is 

because any integrable function can be approximated to 

within an arbitrary degree of accuracy by polynomials. 

However, the set of polynomials is not an open set in V. 

REMARK 3.21 

In a bounded region of Euclidean space, the standard 
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measure of all open and everywhere dense subsets of the 

region is the same as the standard measure of the region. 

The converse is not true~ the irrationals in the unit 

interval have length one, but they are not an open set, nor 

do they contain an open set. Hence, in Euclidean space, 

being open and everywhere ~ense is a stricter criteria of 

size than the measure of the set. 

From the preceeding examples, one can see that a subset 

of a space which is both open and everywhere dense in that 

space is a big set. Equally important, the compliment of an 

open and everywhere dense set is very small. Now that a 

criteria for the size of a set is established, we can state 

the desired result. 

THEOREM 3.22 ( Appendix 5 ) 

If a system is not mixing, then the set N€(L 2 (X)xL 2 (X)) 

is open and everywhere dense. 

SECTION (II) THE DESIGN OF AN EXPERIMENT 

In this section, we describe methods to determine 

whether or not an actual mixing machine creates an ergodic 

process as well as whether or not the convergence criteria 

required in the definition of mixing is satisfied for a 

pair of nontrivial subsets. It will be shown that 

----------------------~--.. --.-,,-.-....... --- ... '-',' ... - .. _-... _ .. _,---, .... - . 
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establishing ergodicity simplifies the task of whether or 

not convergence to the appropriate value occurs. If 

convergence can be established, then by Theorem 3.22 and 

the discussion in section (i), one can be reasonably 

confident that the mixing machine is mixing its contents 

according to the definition of mixing. 

The result of Theorem 1.22 is quite helpful in providing 

a technique to determine whether or not a system is 

ergodic. Recall that this theorem states that a system is 

ergodic if and only if there are no nontrivial invariant 

subsets. A simple way of finding a nontrivial set, if one 

exists, is to introduce a small stain into a clear medium, 

turn on the mixer and visually monitor where the mixer 

distributes the stain. If the stain is permanently absent 

from some region, then that region is an invariant set. On 

the other hand, if the stain enters every region of the 

domain where the medium sits, then no invariant set has 

been located. 

REMARK 3.23 

One drawback with the above procedure is that the stain 

which is of finite size must be introduced entirely outside 

an invariant set in order to locate one, if one exists. 

Then the above procedure should be repeated with the stain 

being introduced at different locations of the medium. In 

----------------------------~ .. -.. -.- '-"-'.' 
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practice, we have found that the stain tends to collect on 

the boundary of invariant sets when they exist, so it is 

not that critical where the stain is introduced. Ottino has 

photographed nonergodic systems inwhich a stain has been 

introduced and the invariant sets are clearly visible. 

If no invariant sets have been located, so that the 

system is most likely ergodic, the next step is to 

detel'mine whether or not (XA, XB) EN, where XA, XB are the 

charactsristic functions of a pair of nontrivial sets 

A,BeX. 

It is difficult to design experiments in which the sets 

A and B from which data is being collected are precisely 

known. If this is the case, then the appropriate limiting 

value to which the data should converge, m(A) -m(B), is 

unknown. The following theorem shows that it is not 

necessary to know this limiting value in order to determine 

THEOREM 3.24 ( Appendix 6 

Let (X,m,$) be an ergodic discrete system and 

(f,g)€(L2 (X)XL2 (X)). If lim J f(x) _g($k(x))dm=c for some 
k ~ X 

constant c, then c=J f(x)dm-J g(x)dm. 
X X 

The situation is similar for a flow. If the lim 
t <:c. 
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J f(x) ·g($t(x»dm=c, then c=J f(x)dm'J g(x)dm. 
X X X 

It follows from the above theorem that once ergodicity 

is established, then for a pair of sets A,BEX, (XA,XB)EN if 

and only if a limit as t approaches infinity of the 

integral, 

J X A (x) • XB ($ t (x) ) dm , 
X 

(1 ) 

does not exist. This simplifies the design of an experiment 

to determine whether or not (XA,XB)EN because it is 

unnecessary to determine m (A) and m (B) or even precisely 

what the sets A and B are. All one needs to do is to design 

an experiment that will measure the integral (1) and see 

whether or not a limiting value exists as t becomes large. 

There are several possible ways to evaluate the integral 

(1 ) .experimentally. Some possibilities are using 

measurements of radiation , intensity of scattered light or 

particle counting machines. The next example outlines one 

possible experimental setup and relates the data output to 

the integral (1). 

EXAMPLE 3.25 Patterson's Experiment (see Patterson 

(1982) ) 

In the figure below, a laser beam is shot through the 

wall of a mixing tank. The wall is assumed to be 

transparent.) A sensor which measures light intensity is 

---_ .. - ... -.-------------------------.--~.--.. -.- .. - .. -.- ...... _ ........... "---........ _ .... _. __ ..... - . 
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focused on the small portion of the beam that is in 

brackets. The sensor outputs a voltage which is linearly 

proportional to the light intensity it measures and this 

output is displayed on a voltmeter. 

As the laser is not aimed at the sensor, the only 

measurements it can record is from light which is scattered 

from the region in brackets. To scatter the light, micron 

sized particles are introduced into the tank; the circle 

indicates where the particles are initially located. Then 

the voltage output is proportional to the number of 

particles in the bracketed region. 

Consider the set A to be the circular region and the set 

B to be the bracketed region. Then the preceding paragraph 

is saying that the output voltage at time t is proportional 

to m(~tAnB). Also, notice that the quantity m(~tAnB) is the 

same as the integral (1). Hence, the output voltage 

integrates (1) and multiplies it by a proportionality 

constant. Therefore, to determine whether or not (XA,XB)EN, 

it is only necessary to observe whether or not the output 

approaches a steady state value. Notice that the objective 

is accomplished without knowing much information about the 

sets A and B. 

----------------------------~ .. --.------.~ ........•. 



Photodiode 
Votmeter 

0 

laser r , 

L J 

The above diagram is an overhead view of the mixer. 

The photodiode is focused on the portion of the laser 

in paranthesis. It measures the light that is scattered 

by particles in the paranthesis. The particles are initially 

placed in the circle. 

Figure 3.1 Patterson's Experiment 
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CHAPTER 4 PERFORMANCE CRITERIA FOR RATES OF MIXING 

In this chapter, we discuss measurements of performance 

for mixing systems. The performance criteria that we select 

is the rate of mixing, one mixer is considered to be better 

than another if it mixes its contents faster. In Sections 

(i) through (iv), we show that various quantities which 

have been suggested as measures of the rate of mixing in 

fact are not sui table for this purpose. Accordingly, in 

Sections (vi) and (vii) new performance criteria are 

introduced. The material in Section (vi) relates mixing 

rates to measurements in the product domain. In Section 

(vii), the concept of mixing is connected wi th ideas of 

probabili ty. This approach prr,"'ides a nice way to measure 

mixing rates. The performance criteria that are introduced 

in Sections (vi) and (vii) can be obtained by numerical 

methods. This will be discussed in the next chapter. 

SECTION (I) LYAPUNOV EXPONENTS 

In Chapter 1, Section (ii), the mixing of a lump of 

peanut butter into cookie batter is discussed. Recall that 

one way to do this would be to stretch the lump of peanut 

butter into a long string of spaghetti while distributing 

the string throughout the domain. A parameter which 

measures the rate of stretching is known as the Lyapunov 

exponent. 

------------------------------~ .. -~-----.-.-..... -..•... _ ......... _ .. _.-......... __ ...... . 
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DEFINITION 4.1 

Let (X,m,~) be a discrete system and XEX. Suppose that 

for all nonnegative integer values, k, there are subspaces, 

m m-1 1 k vkcVk c ... CVk , in the tangent space at ~ (x) and numbers, 

A1~A2~ ... ~Am' with the propertieG that: 

(i) D~(Va)=va+l' 
(ii) 

(iii) 

dim 

lim 
n 'x' 

va=m+l-j, 

(lin) 'lnIID~n(X) ,vll=Aj 

then the Aj'S are the Lyapunov exponents of ~ at x. 

If x in the above definition is a fixed point of ~, then 

the Lyapunov exponents are the logs of the absolute values 

of the characteristic exponents of the map. It is known 

that associated with a characteristic exponent are 

directions in which the motion is contracting toward the 

fixed point, if the magnitude of the characteristic 

exponent is less than one, or diverging from the fixed 

point if the magnitude of the characteristic exponent is 

greater than one. 

The Lyapunov exponents are a generalization of the 

characteristic exponents. They quantify the behavior of 

neighborhoods of points which are not fixed points. One 

continually tracks the trajectory of a point and determines 

the behavior of neighboring trajectories. Associated with a 

-------------------------.~ .. -.. -.•.. ---.~ ... "' .... . ...... . .. - ........ " .... _._ .... . 
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negative Lyapunov exponent are directions from which the 

trajectories converge toward the trajectory of x. 

Associated with a positive Lyapunov exponent are directions 

from which the trajectories diverge from the trajectory of 

x. Hence, a positive indicates stretching of the domain in 

certain directions. The larger the exponent, the more that 

stretching occurs around that point. 

For ergodic systems, the Lyapunov exponents are 

independent of the point where they are calculated. This is 

because almost every trajectory is dense in the domain, so 

a measure of divergence or contraction of trajectories is 

independent of which trajectory is chosen for the 

measurement. Hence, the Lyapunov exponents are universal 

quantities for an ergodic system. 

EXAMPLE 4.2 Lyapunov Exponents of the Baker's Map 

The Lyapunov exponents for the Baker's Map are 

A1=ln(1/2) and A2=ln2. The Lyapunov exponents are easily 

calculated in this case because the differential map, D, is 

the same almost everywhere. In fact, the matrix 

representation of Dis: 

2 0 

o 1\2 

where the matrix is represented in the basis of unit 
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horizontal and vertical vectors. Therefore, the matrix 

representation of Dn is: 

because the su b space spanned by the basis vectors is 

invariant under the tangent map. From this representation 

of Dn, the Lyapunov exponents are easily calculated using 

the definition. A1 is negative and corresponds to the 

contraction in the vertical direction. A2 is positive and 

corresponds to the expansion in the horizontal 1irection. 

REMARK 4.3 

Defini tion 4.1 is sufficiently complicated that it is 

impossible to analytically calculate the Lyapunov exponents 

for all but the simplest of systems. Computer code has been 

developed to arrive at numerical estimates (see Swinney et. 

a1. (1985)). 

The appeal of the Lyapunov exponent as well as its flaw 

in providing an indication of a mixer's rate of mixing is 

easily understood in the context of mixing cookie batter. 

Intuitively, it is plausible that the faster that the lump 

of peanut butter is stretched, the quicker that the lump 

can be redistributed throughout the cookie batter. Hence, 

it might be hypothesized that a high Lyapunov exponent 

indicates fast mixing. The flaw is that the Lyapunov 

----------------------------~ .. -.. --.-.-- ............. - .......... __ ....... . 
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exponent provides no information about where the lump of 

peanut butter is being distributed. If the distribution 

process is not very uniform in the domain, then mixing may 

occur at a very slow rate or not at all, even if there is a 

very large Lyapunov exponent. 

EXAMPLE 4.4 Nonmixing, Ergodic System with Positive 

Lyapunov Exponent 

Consider example 1.32 in which cookie batter is being 

swapped between two identical kitchen mixers, creating 

periodic sets. Even if the mixer's stretch the batter very 

quickly, creating a large Lyapunov exponent, mixing doesn't 

occur. Hence, the Lyapunov exponent does not indicate the 

rate at which mixing proceeds. 

REMARK 4.5 

The Lyapunov exponent was never intended as an 

indication of mixing rates. The presence of a positive 

Lyapunov exponent only indicates that divergence of 

trajectories is occuring. This is useful information as 

Pes in (1977) has characterized the behavior of such systems. 

SECTION (II) ENTROPY 

Another quantity which appears promising as an indicator 

of mixing rates is the Sinai, Kolmagorov entropy often 

----------------------------~,.--.----.-,- ' 
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referred to as the mertic' entropy. The roots for this 

defini tion of entropy are seen in the works of Shannon 

(1948) who adapted Gibbs' principles of thermodynamics to 

information theory. 

decades before the 

formalized into a 

Given that it took a span of several 

idea of thermodynamic entropy was 

useful mathematical definition of 

entropy, it is not surprising that the definition is 

somewhat cumbersome. Therefore, before presenting the 

definition of entropy, we motivate the definition with an 

example. 

EXAMPLE 4.6 Growth of Information of the Baker's Map 

This example uses the Baker's map of example 1.10. 

Suppose that the unit square is initially partitioned into 

two cells as shown in Figure 4.1 (a) below. Here, we call 

each cell of the partition a bit qf information. Hence the 

partition consists of two bits of information and the size 

of each bit is one half; the size of a bit corresponds to 

its area. An iteration of the Baker's map, moves the bits 

of information into different locations as in Figure 

4.1(b). By compiling the partitions from Figures 4.1(a) and 

4.1(b) one creates a new partition with four bits of 

information in which the size of each bit is one 

quarter (see Figure 4.1(c)). Each successive iteration of 

the Baker's map doubles the number of bits of information 

---------------------------~ .. -... --.---.. -.. ". 
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o 

(a) 

1 

o 

1 

(b) 

o 

1 

00 

01 

(c) 

10 

11 

Figure 4.1 Bits of Information on the Unit Square 
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after compiling the partitions. The metric entropy 

quantifies how quickly the information is assymptotically 

increasing. 

It is easiest to introduce the definition of the metric 

entropy in several steps. 

DEFINITION 4.7 

Let (X,m) be a measure space and rr denote a partition of 

X into k bits of information. Also, denote a bit of 

information by Aj where j is an integer that ranges between 

one and k. Then the entropy of rr, denoted by h{rr), is given 

by the following formula: 

h{rr)=~=l-m{Aj) ·In{m(Aj )). 

If (X, m) is the unit square with 1T as in Figure 1 (a) , 

then h(rr)=-{1/2)ln(l/2)-(l/2)ln{1/2)=-ln(l/2)=ln2. The 

entropy of the partition from Figure l(c) is h(rr)=ln4.The 

entropy of a partition quantifies the information content 

of the partition. Notice that the highest entropy among all 

partitions of a domain into k bits occurs when each bit is 

the same size. 

DEFINITION 4.S 

Let 1Tl and rr
2 

be two partitions of a domain, X. The 

-------------------------~---------------.. -.----.- --'- -.-.. - •. _._.-.------._---.... 
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refined parti tion of 1Tl . and 1T2 is the partition consisting 

of all bits of the form AjnBk , where Aj is any bit from the 

partition 1T1 and Bk is any bit from the partition 1T2 . The 

refined partition is denoted by rr1 v rr2 . 

EXAMPLE 4.9 

Let X be the unit square and rr be the partition as shown 

in Figure 4.1 (a). Generate another parti tion by applying 

the Baker,s Map, Figure 4.1(b), and denote this partition 

by ~(rr). Then rr v ~(1T) is the partition depicted in Figure 

4.1(c). 

DEFINITION 4.10 

Let (X, m,~) be a discrete dynamical system and 1T be a 

partition of X. Then the entropy of the iterated partition, 

denoted by h(rr,~), is given by the following formulas: 

2 n-1 h =h(rr v ~ v ~ rr v ... v ~ 1T) 
n 

h(1T,~) = lim h - h 1. n n-n .::'(1 

The entropy of the iterated partition is a lirni ting 

value for the amount of information gain due to one 

iteration of the map. 

EXAMPLE 4.11 

Let (X, m, <P) and 1T be as in Example 4.6. Because each 

---------------------_._-_ .•.. _. __ ._ ... __ .................... --- ................ __ .... .. 
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i tera tion of the Baker's map splits every bi t of 

information into two bits of equal size, there are 2n bits 

of information in the parti tion n-1 (rr v <1m v ••• v tI> rr) and 

the size of each bit is (1/2 n ). For hn as given in 

Definition 4.10, 

hn=-2n'(1/2n)ln(1/2n)=ln2n. 

Furthermore, for every n, 

h -h 1=ln2n-ln2n - 1=ln2. n n-

Therefore, h(rr,t/»=lim h -h 1=ln2. n n-n ·X· 

Everything needed to understand the definition of the 

metric entropy is presented above. The actual definition 

can now be stated. 

DEFINITION 4.12 

Let (X,m,t/» be a discrete system. Then the metric 

entropy of (X,m,t/», denoted by h(t/», is given by the 

following formula: 

h(¢) = sup h(rr,t/», 
rr 

where the supremum is taken over all possible partitions of 

X. 

REMARK 4.13 

There are theorems which facilitate the computation of 

the mertic entropy, nevertheless in general an analytic 

---------------------------.....------_._ .................. -........ - ........ _ .. -...... __ ..... - . 
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calculation is not possible. There are computer algorithms 

that numerically estmate the metric entropy (see Fraser 

(1886)) . 

The metric entropy for the Baker I s map is ln2 (see 

Arnold and Avez (1968)). 

The metric entropy is not a good indicator of the rate 

of mixing. A large metric entropy could result from the 

rapid increase of information content in a local region of 

the domain. If the rate of growth. of information is not 

very uniform throughout the domain, then mixing may occur 

very slowly or possibly not at all in spite of a large 

entropy. 

EXAMPLE 4.14 A Nonmixing System with Positive Entropy 

Let (X,m,~) be as in example 4.4 where cookie batter is 

being swapped between two identical mixers, creating 

periodic sets. Assume that the system associated with each 

individual mixer has a large metric entropy. Then the 

system comprising of both mixers with repeating sets also 

has a large metric entropy, even though the system is not 

mixing. Hence, The entropy is not a measurement of the rate 

of mixing of a system. 

REMARK 4.15 

----------------------------~----.--•........ -..•. '-',' ., .. - _ .... _ ... _ .... _ ..... 
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There are classes of systems in which the metric entropy 

is demonstrated to be a function of the Lyapunov exponents 

(see Young (1984)). So it is not surprising that the metric 

entropy like the Lyapunov exponents is not a good indicator 

of the speed at which a mixer is mixing. 

SECTION (III) MARKOV CHAINS 

Another approach to quantifying a system's rate of 

mixing is to determine the assymptotic rate at which the 

integral Jxf(x) .g(~k(x))dm approaches its limiting value 

when f and g lie within a specified class of functions. For 

some systems, this has been accomplished by studying a 

linear operator that the map induces on an appropriate 

infinite dimensional function space (see Bowen (1978)). 

The study of operators on infinite dimensional spaces is 

a field of rna thema tics known as functional analysis. An 

insight into certain problems in functional analysis can 

sometimes be enhanced by first addressing the problem in a 

fini te dimensional setting where one's intuition is well 

developed. In this section we present a mixing problem that 

induces a finite dimensional operator and we discuss some 

properties of this operator. The infinite dimensional case 

will be discussed in the next section. 

The following example motivates the mixing problem that 

induces finite dimensional operators. 
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Example 4.16 A Markov Chain 

Suppose that there is a fraternity party where a mixture 

of vodka and coke is to be served from two separate 

barrels. After filling each barrel, one fraternity member 

notices that barrel number one has much more vodka content 

in it than barrel number two. The fraternity has depleted 

its budget for this party so there is no possibility of 

purchasing more vodka to pour into barrel number two. The 

only solution for getting equal concentrations of vodka is 

to transfer the drink between the barrels. This is to be 

accomplished by simultaneously filling two empty milk 

bottles, labeled one and two, with drink from their 

respective barrels and emptying the contents into their 

opposite barrels. 

The fraternity members wish to calculate how many times 

they will have to repeat this process before the vodka 

concentrations in each barrel are close. One pre-med frat 

member (this guy is great in mathematics and thus knows 

where a lucrative future lies) presents the following model 

of the mixing process based on the assumption that the 

vodka concentration within a barrel is always' uniform 

before an exchange takes place. 

Indicate the initial distribution of vodka in each 

barrel by the vector v=(v1 ,v2 ). Let a denote the ratio of 

----------------------------~.--------..... "" ....... ,. '-'.' .... - ................. _-_ .. -
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the size of the milk bottles to that of the barrels~ O<a<l. 

Also define the 2x2 matrix, M, as follows ~ the entry m .. 
l.J 

denotes the amount of drink from barrel j that is 

transfered to barrel i by the above process. Then M is 

given by: 

l-a 

M = 

The distribution of vodka after repeating the exchange k 

times is given by the vector Mkv. Thus, by studying the 

matrix M, the fraternity members can answer their question. 

The mixing process described by the matrix in the above 

example is known as a Markov chain. The above example can 

be generalized to higher dimensional Markov chains. 

Associated with a Markov chain is a transition matrix. 

DEFINITION 4.17 

An nxn dimensional equally distributed transi tion 

matrix, denoted by M, is a matrix inwhich the entries, 

satisfy the following properties: 

(i) Lj=lmij=~=lmij=l, 
(ii) mij~O for all entries. 

m .• , 
l.J 



87 

The Markov chain associated with a transition matrix is 

an exchange of content among n cells with the exchange 

occuring according to the following rule. The proportion of 

its contents that cell j passes to cell i is mij . In this 

definition, we have assumed that all the cells are of equal 

size~ in general this is not necessary. The words equally 

distributed distinguish this assumption from the general 

case. Henceforth, the term transition matrix will refer to 

equally distributed transition matricies. 

Properties (i) and (ii) of Definition 4.17 assure that 

the total amount of contents in any cell remains unchanged 

after the exchange has taken place. This is similar to the 

requirement that the map of a dynamical system is volume 

preserving. 

Let v be any arbitrary n dmensional vector. This vector 

can be decomposed uniquely as v=vu+v~, where the entries of 

the vector VU are all the same and v~ is orthogonal to v U
. 

u ' That is to say, (v ,V-)=O where the symbol (.,.) represents 

the standard inner product. One thinks of VU as the portion 
I 

of v that is uniformly distributed in all n cells and v- as 

the variation of v from its uniform distribution. 

For mixing to occur, it is necessary that the variation 

of any initial distribution represented by v approaches 

zero as the exchange is repeated over and over. I.e. it is 

k u k ~ necessary that lim M v=v , or equivalently lim M v =0. 
k 0:'(' k ox, 

---------------------------~-~,----.,--.'"' ....... "-',", .. _" ..... _,.,,--_ ..... -
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The properties of the transition matrix allow one to 

find sufficient and necessary conditions for mixing to 

occur. The relavent pr~perties are: 

u u u (i) For any uniform vector, v , Mv =v , 

(ii) The orthogonal complement to the uniform vectors 

is an invariant subspace; if VU is any uniform 
I U I 

vector and v- is any vector such that (v ·v-)=O, 

U I 

then (v 'Mv-)=O, 

. u then Mkv u k ~ (iJ.i) If v = v + v-, = v + M v . 

A consequence of these properties is that a Markov chain 

given by a transition matrix, M, is mixing if and only if 

~~e magnitudes of all the eigenvalues associated with the 

subspace that is orthogonal to the uniform vectors are less 

than one. I. e. the spectrum associated with the operator 

restricted to the orthogonal compliment of the uniform 

vectors lies within the unit circle of the complex plane. 

EXAMPLE 4.18 Mixing of Vodka 

The fra terni ty members in Example 4.17 can apply the 

above discussion to their problem as follows. Let 

V=(V1 ,V2 )t represent the amount of vodka in barrels one and 

two. The vector v can be decomposed into its uniform and 

nonuniform components, VU and VoL. Because VU is uniform, 

v U =/3. (1,1) t for some real number /3. Also, v":"='I' (-1,1) for 

some real number 'I because (-l,l)t spans the orthogonal 

- .. _-_.- --- --------------------------~---~-.. ----.-............ '-'.' ' .. -....................... __ ...... , 



89 

compliment of the uniform vectors. 

According to property (ii) from above, .!. 
V must be an 

eigenvector of M because it lies in a one dimensional 

invariant subspace. A calculation shows that Mv.!.= (1-2<x) ·v"-

k ' k' and M v-=(1-2<x) ·v-. Because O<<x<l, the magnitude of the 

eigenvalue 1-2<x is strictly less than one so the variation 

from the uniform distribution will approach zero as the 

drink is continually exchanged between barrels. 

SECTION (IV) THE INDUCED OPERATOR 

In the previous section, it was shown that the mixing 

properties of a finite dimensional Markov chain could be 

determined by investigating the transition operator 

associated with the chain. The situation is similar for 

dynamical systems; however the setting is in an infini te 

dimensional space. In this section, we draw analogies 

between the infinite and finite dimensional settings as 

well as point some the differences. 

It is necessary to present some definitions in order to 

understand the framework that is used. 

DEFINITION 4.19 

A set of elements, denoted by V, is a vector space over 

the complex numbers, a:, if V is endowed with an addi ti ve 

operation and the complex numbers act on V by 
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multiplication subject to the following rules: 

(i) there exists a unique element in V called the zero 

element such that v+O=v for all vEV, 

(ii) associated with every vEV, there is a unique 

element in V denoted by (-v) such that v+(-v)=O, 

(iii) v+wEV for all v,wEV and v+w=w+v, 

(iv) (v+w) +y=v+ (w+y) , 

(v) for any complex number, «, and any vEV, «vEV, 

(vi) (~+~)v=~v+~v for all ~,~E~ and vEV, 

(vii) ~(v+w)=~v+~ for all aE~ and v,wEV, 

(viii) 1v=v, for all VEV, 

(ix) Ov=O for all vEV. 

EXAMPLE 4.20 A Vector Space 

~n, the space of all n dimensional complex vectors is a 

vector space. 

EXAMPLE 4.20 L2 (X,m) is a Vector Space 

Let L2 (X,m) be the set of all complex valued functions 

which are square integrable over the domain Xi i.e. 

fEL 2 (X,m) if J If(x) 12dm exists. L2 (X.m) is a vector space. 
X 

The additive operation between two elements, 
2 f,gEL (x,m), 

is given by, (f+g) (x)=f(x)+g(x). 

DEFINITION 4.21 
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Let T be an operator, that maps V to W where both V and 

Ware vector spaces over the complex numbers. Then T is a 

linear operator if the following properties are satisfied: 

(i) T(v1+V
2

)=Tv1+Tv
2 

for all v1 ,v2EV, 

(ii) T(av)=dTv for all aE~ and all vEV. 

The spaces V and W may be the same. 

EXAMPLE 4.22 A Linear Operator 

The transition matrix associated with an n.dimensional 

Markov process gives a linear operator that maps ~n back to 

([:n. 

EXAMPLE 4.23 A Linear Operator on L2 (X) 

Let X be the unit interval in R1 and m be the standard 

length. Then T given by Tf(x)=J1sin(xy) 'f(y)dy is a linear 
o 

operator that maps L2 (X,m) back to itself. 

DEFINITION 4.24 

Let (X,m,~) be a discrete system. Then the induced 

operator of (X,m,~), denoted by P, is a linear operator 

from L2 (X,m) back to itself defined by the following 

equation: -1 2 
Pf(x)=f(~ (x)), where fEL .(X,m). 

An anlaysis of the induced operator provides similar 

information for the discrete system that an analysis of the 

---------------------------~.,-.- .. ---.-,-., .. " .... .... . .. - ....... ,' .... _ .. _ ... -



92 

transition matrix provides for a Markov process. In such a 

scenario, a function f€L 2 (X, m) assumes a role similar to 

that of the vector v in the previous section. For example, 

f might be the initial distribution of peanutbutter in a 

bowl of cookie batter. Then pk f would be the distribution 

of peanutbutter after stirring k times. 

REMARK 4.25 

In the literature it is more common to see the induced 

operator given by the 

definition given here 

equation: Pf (x)::f (<t>(x)) . 

is selected so that 

The 

the 

interpretation of the preceeding paragraph holds; this 

gives more physical meaning to the operator and analogies 

wi th Makov processes can be drawn. All the theorems that 

relate properties of the operator to properties of the 

underlying system hold for either definition. It can be 

shown that the operator which we define is the adjoint of 

the standard induced operator. 

To analyze the induced operator so that information 

about the underlying system is obtained requires an 

understanding about the structure of the vector space 

L2 (X, m). In particular, it is necessary to be able to 

determine the size of any element, f€L 2 (X,m) as well as the 

distance between elements and to what extent elements are 

------------------------~ .. -... -... -- -....... 
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aligned with eachother. The structure on L2 (X,m) is a 

generalization of the structure on ~n that allows one to do 

these things for the elements of ~n. To explain this 

requires some definitions. 

DEFINITION 4.26 

Let V be a vector space over the complex numbers. A 

bilinear map from VXV to the complex numbers, denoted by 

< 0 , 0>, is an inner product if it satisfies the following 

properties: 

(i) <v,w>=<w,v> for all v,wEV, 

(ii) <~+~w,r>=~<v,r}+~<w,r> for all v,w,rEV and all 

(iii) <v,v>~O with equality only if v=O. 

EXAMPLE 4.27 

n If v ,WE~ , 

over ~n. 

EXAMPLE 4.28 

The inner 

then <v, w>=~ v 0 oW 0 gives an inner product 
j=l J J 

product on is given by: 

<f,g>=J f(x) og(x)dm. 
X 

Notice that one finds the coefficeints of the Fourier 

series of a function by taking the inner product of the 

function with the elements of the series. The inner product 

----------------_________ ~ •• _~ ____ •• _._-••••.•• _ •• '0' ._ •••••• _ .• __ ••• _ ••• _ ••..• _ ••.• _ • 
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indicates the degree to which the function Is aligned with 

any given element of the series. If the inner product of 

two functions is zero, then the functions are not aligned 

and are said to be orthogonal. 

DEFINITION 4.29 

A norm on a vector space, denoted by Ilvll for vftlJ, is a 

real valued funcion on the space that satisfies the 

following properties: 

(i) Ilvll~o for all vftIJ with equality only if v=O, 

(ii) I kxvll= 1 (X 1 ·Ilvll for all vftIJ and all (XE(C, 

(iii) IIv+wll~IIvII+11w11 for all v, wftlJ. ( triangle inequality) 

EXAMPLE 4.30 The Standard Norm 

The standard norm of an element in (Cn is given by: 

11v1~<v,v>1/2 where the inner product is as in Example 4.27. 

EXAMPLE 4.31 The Norm on L2 (X,m) 

The norm of an element in L2 (X,m) is given by: 

IIf 11= (J 1 f (x) 12 dm) 1/2 = ( f . f ) 1/2 . 
X 

\ 

Property (ii) connects the norm with the concept of 

length; the norm of any multiple of an element is the same 

as the multiple of the norm of the element. The triangle 

inequali ty endows a normed vector space with a property 
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that is apparent in Euclidean space; any leg of a triangle 

is shortet' than the sum of the lengths of the other two 

legs. 

If v and ware two points in a normed vector space, we 

consider the distance between these points to be I iv-wi I. 

Notice that for L2 (X,m) this distance is the same as the 

metric given in Chapter 3. Hence, the norm induces a metric 

on a vector space. 

The norm and inner product endow L2 (X,m) with a 

sufficeint structure so that an investigation of the 

induced operator can be fruitful. We procede with this 

investigation. 

Let fEL2 (X,m). Then f can be uniquely decomposed into 

two elements: f=fu+f-, where fU is the contant fU=! f(x)dm 
X 

and f'!' is in the orthogonal compliment of the constant 

functions. (The orthogonal compliment of the constant 

functions is the set ffEL 2 (X,m) I (f·1)=01, where 1 is the 

constant fuction whose value is one throughout the domain.) 

One considers fU to be the portion of f that is uniformly 

distributed throughout X and fJ. to be the variation of f 

from the uniform distribution. 

Recall that a similar decomposition of a vector in (Ln 

led to the conclusion that a Markov process is mixing if 

and only if lim Mkv..!.=O for all 
.!. 

in the orthogonal v 
k 'XI 

compliment of the constant vectors. We seek a similar 
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condition on the induced operator which guarantees that the 

underlying discrete system is mixing. 

One is tempted to suggest that lim pkf~=O is the 
k /);-

analogous necessary and sufficeint condition for mixing of 

the discrete sys tern. However, this is not possible since 

lip f 1I=lIfl I for all fEL 2 (X,m) (see Remark 4.31). So the norm 

of the variance from the unform distribution always remains 

constant, hence the distance from zero of this variation 

never changes and the suggested condition can never be 

satisfied. 

REMARK 4.32 

That the norm of an element in L2 (X,m) is unchanged by 

the induced operator because the underlying map is volume 

preserving and P merely shifts the values of a function 

fom one position to another. This is seen in the following 

computation. 

lip f 11= (J P f (x) . P f (x) dm r 12 = 
X 

= (J f (y) -:- f (y) dm r 12= I If I I, 
X 

(J f(cp-1(x)) 'f(cp-1(x) )dm)1/2 
X 

-1 
where y=CP (x). 

The correct condition on the induced operator which is 

necessary and sufficeint to guarantee that the underlying 

dynamical system is mixing is: lim J pkf~(x)dm=O for every 
k oXO A 

measurable set As;){ and every f~EL2 (X, m) which is in the 
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orthogonal compliment of the constant functions. This says 

that on any measurable set, the average value of the 

variation from unifrmity dies out. It can be shown by 

standard methods of analysis that this condition is 

equivalent to the following theorem. 

THEOREM 4. 3.3 (see Halmos (1956)) 

The discrete system, (X, m, CP) is mixing if and only if 

for all f-EL 2 (X,M) that are orthogonal to the constant 

functions, and all gEL 2 (X,m), lim (pkf~·g)=O. 
k IX-

SECTION (V) ASSYMPTOTIC RATES OF MIXING 

In some case, one can use the induced operator to 

determine an assymptotic rate of mixing. By this it is 

meant the assymptotic rate at which the inner product 

(pkf-,g) converges to zero for certain classes of functions 

f and g. For example, the value (pkf,g) might decay 

exponentially as k gets arbitrarily large. Then the 

assymptotic behavior can be characterized by a positive 

number, which has the following property: lim 
k IX' 

k I -cxk [(P f-,g)/e ]=0 whenever cxq. A large "I would indicate a 

fast rate of assymptotic mixing. 

There are systems for which an assymptotic rate has been 

established. However, it is not known that a meaningful 

assymptotic rate can be established for any arbitrary 
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system. 

Even if a meaningful assymptotic rate can be 

established, the inherent drawback in using an assymptotic 

quantity as an indicator of a mixer's performance is that 

it provides information only after the mixer has been 

running for a long time. The assymptotic rate gives no 

indication of how long it takes before the assymptotic rate 

has any meaning. 

In actuality it could be a very long time before a 

system settles down to some assymptotic behavior. This can 

even occur in a Markov chain as the following situation 

demonstrates. 

Suppose that the largest magnitude among all the 

eigenvalues over the orthogonal compliment to the constant 

vectors is given by 1. Then the assymptotic behavior of the 

process is characterized by 1 in the sense that lim 
k <:'Co 

cxkllv.!.ll/llpkvol.ll=o for all cx<1 and all vol. in the orthogonal 

compliment of the constant vectors. 

However, the time that it takes before the Markov chain 

assumes its assymptotic behavior depends upon the size of 

the Jordan blocks associated with the eigenvalues. In 

particular, if the Jordan block associated with the 

eigenvalue that characterizes the assymptotic behavior has 

a long string of ones above the diagonal, then it will be a 

long time before the exponential decay is apparent. 
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SEc'rION (VI) THE PM INDEX (PRODUCT MEASURE INDEX) 

In this section an alternative function for indicating 

rates of mixing is presented. We call this function the pm 

index for reasons that will become apparent. In what 

follows, we define the pm index and explain its relation to 

mixing rates. 

Recall that mixing occurs when 

lim Ixf(X) 'g(epk(x) )dm=Ixf(x)dm'Ixg(x)dm 
k 'x 

for any pair of square integrable functions, f and g. To 

motivate the pm index, consider how one might evaluate the 

integral on the left hand side for a fixed k using 

ergodicitYi 

k ~-1' k' Ixf(x) .g(cp (x)dm = lim L f(CPJ(x) 'g~Cp (CPJ(x) (1 ) 
N ,x j=O 

where the equality holds for almost every xEX. 

Next examine a related sum for the product system of 

(X,m,CP) . The product system is a dynamical system given by 

(XxX, mxm, CPp) and is ergodic when the original system is 

mixing (see Halmos) . A point in the product domain is 

denoted by (x,y), where XEX and yEX. The mapping cP at a p 

point (x,y) is given by CPp(x,y)=(cP(x) ,CP(y)). Since the 

product system is ergodic, then with f and g as in (1), 

lim t -1 f (CPj (x) ) . g (CPj (y) ) 
N <:(, j=O 

----------------------~--,~-.. -.,.-.-.......... "-'.' .. - _ ............ __ .. . 
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= (2 ) 

where the equality holds for almost every (x,y)€(XxX). 

Notice that the only difference between the sum in (1) and 

the sum in (2) is that the point $k(x) is replaced by the 

arbitrary point y, which is independent of the point x. 

Hence, mixing occurs when $k(x) becomes more and more 

independent of x as k becomes arbitrarily large. The pm 

index as defined below measures the dependence between x 

and $k(x) as a function of k. To give concrete meaning to 

this idea requires some definitions. 

Let (X,m,~) be a discrete dynamical system and let x€X. 

The summation lim 
N /);. 

(l/N)~-lf(~j(x» 
j=O 

defines a family of 

linear functionals on the space of all continuous functions 

on X. The family is paramatrized by the points in X. Hence, 

by the Reisz representation theorem, for almost every xEX, 

there exists a measure on X, denoted by m , such that: 
x 

lim (liN) ,~-lf(X)=J f(y)dmx (3) 
N t;(I J=O X 

for all continuous functions on X. 

DEFINITION 4.34 

Let (X,m,$) be a discrete system. Then the induced 

measure a t x, denoted by mx ' is the measure such that 

equation (3) holds for all continuous functions on X. 

------------------------~ .. -.. ------.---........ "." ._ ...... -.- ~ ..... ,- ... -" ... --..... .. 
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EXAY.PLE 4.35 The Induced Measure 

Let (X,m,~) be the unit circle with the normalized 

length as its measure, i.e. m(A)=(1/2rr)JAdx, A~. Take 

~(x)=(x+~)mod2rr, where a point in X is denoted by its 

angle:. 

If ~ is a rational multiple of 2rr, then m and mx differ 

everywhere on the circle. This is because all the orbits of 

~ are periodic. Hence, the integral of a function with 

respect to m is the average value of the function at the 
x 

discrete points that define the periodic orbit of x. For 

example if ~=rr, then; 

ri-J-1 ' = lim (lin) '2.. f (q) (x)) 
N ':t' j=O 

= (1/2)' (f (x) + f «x+rr)mod2rr)) ., 

Hence the measure mx is concentrated on the points x and 

(x+rr)mod2rr. 

If ~ is an irrational multiple of 2rr, then m and mx are 

the same for all x. This follows from Example 1.14. 

EXAMPLE 3.46 

Let (X,m,~) be as in example 1.8, the Baker's transform. 

Label the coordinates of a point XEX by (x1 ,x2 ) where x 2 is 

the vertical posi tion. If x is any point such that x 2=0, 

then lim k 
~ (x)=(O,O). By a theorem of Cesaro, for any 

k ':t' 

continuos function f; 

Jxf(y)dmx = lim t -1 f (~j (x) ) 
N (t, j=O 
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= f(O,O). 

Hence, the measure mx is concentrated on the origin, (0,0). 

Example 3.46 demonstrates that even for an ergodic 

system, mx and m do not correspond for every x. However, 

for ergodic systems, and m do correspond almost 

everywhere. 

Given a discrete dynamical system, one can create the 

product system. An induced measure is placed on the product 

domain by a point (x, <fJk (x)) and is denoted by m7x, <fJk (x) ) . 

Explicitly, the induced measure is the measure that 

satisfies the following equality; 

2 
JxJxf(x,y)dm(x,<fJk(x)) 

= lim (l/N)t.:=~f (<fJj (x) ,<fJ j (y)). 
Nx, J-

(4 ) 

The induced measure can be taken as an indication of how 

independent <fJk(x) is from x. If the induced measure 

approaches the product measure as k becomes arbitrarily 

large, then x and <fJk(x) become independent and (X,m,<fJ) is 

mixing. 

In order to determine whether or not a series of 

measures converges, there must be an underlying metric so 

that distances between measures can be determined. The 

following definitions will be used to develope a metric on 

the space of measures over a domain. 

---_ ...... _._------------------------
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DEFINITION 4.37 

A moment function on ~n, denoted by p(x), is any 

function of the form, where all the 

exponents are nonnegative integers and x=(x1 ,x2 ' ... ,xn ). 

The set of all moment functions over ~n is a countable 

set because the exponents range over the integers. Let {Pjl 

denote this set where each moment function has been indexed 

by a unique integer j. 

DEFINITION 4.38 

Let X be a bounded subset of ffin and m be a measure on X. 

The jth moment of m, denoted by 

following formula: 

THEOREM 4.39 ( Appendix 7 ) 

J.l. , 
J 

is given by the 

Let X be a bounded subset of ~n and A(X) be the space of 

all measures on X. A metric on A(X) is given by the 

following formula: 

d(m1,m2)=~ (l/2
j

) ·1J.l· (m1 )-J.l· (m2 ) I, 
J=O J J 

where m1 ,m2€A(X). 

The metric can be used as a measurement of how similar 

two measures are. From the definition of a metric, it 

---------------------~.--.. -.--.-.-..... -......... "'- .................. _._ .... _-
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follows that two measures are the same if and only if all 

of their moments are the same. The main result which 

motivates the moment index can now be stated. 

THEOREM 4.40 (Appendix 8 ) 

Let (X,m,~) be a discrete dynamical system. Then (X,m,~) 

is mixing if and only if for almost all XEX, lim 
k <;t. 

2 
d(m(x,~k(x)) ,mxm)=O, where d is the metric as given in 

Theorem 4.39. 

If (X,m,~) is ergodic, then the moments, ~j(m~x,~k(X))) 
will be the same for almost all x£X. Therefore, by theorem 

4.39, the induced measures, are the same for 

almost all xEX. Henceforth, to be 

this common measure. 

The pm index measures the rate of convergence of the 

2 
induced measure, m(x,~k(x))' to the product measure, mxm. 

Our method of finding this rate is to patrition the product 

domain into cells of equal size and compare the product 

measure of these cells with the induced measure. 

DEFINITION 4.41 

Let (X, m,~) be a discrete dynamical system and Tr be a 

partition of the product space into n cells of equal size. 

The product measure index of (X,m,~), denoted by pm(k), is 

---------------------------~ .. -~------.~.-........... - ........ _ ............ - .. --_ ....... . 
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a real valued funcion whose domain is the integers, k. 

pm(k) is defined by the following formula: 

pm(k) = Lj=1Im7x,$k(X)) (C j ) - mxm(c j ) I, 

where C. are the cells of the partition, n. 
J 

The interpretation of the pm index with regards to rates 

of mixing is that a discrete system is mixing quickly, if 

its pm index approaches zero quickly as a function of k. 

SECTION (VII) THE DS INDEX (DENSITY OF SUMS INDEX) 

In this section we view mixing from a probabilist's 

perspecti ve. This perspective provides an al ternati ve way 

of looking at mixing and leads to a new method for 

evaluating the rate of mixing. We will not present the 

defini tions of the terminology used in this section and 

instead refer the reader to Chung. 

For a long time it was believed that random behavior of 

any system was due to stochastic disturbances imposed upon 

an underlying deterministic system. Now it is known that 

random behavior can be encoded into a deterministic system 

without stochastic disturbances. This is seen as follows. 

Suppose that a dynamical system, such as the Baker's map, 

is mixing. Now suppose that we wish to predict the long 

term behavior of some point in the domain, but can only 

measure the point's initial position to within some 
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specified range. Hence, we only know that the point 

ini tially lies wi thin some small subset of the domain. 

Since the system is mixing r all regions of the C'>,main 

contain roughly equal proportions of the subset ai ter a 

sufficeint period of time has passed. Probabilistically, 

the point is equally likely to be anywhere in the domain. 

This means that our long term estimate of the point's 

position becomes no better than a random guess, even though 

we completely know the deterministic dynamics. 

The above ideas are nicely expressed in the language of 

a probabilist. If a dynamical system, (X,m,¢) is given then 

think of (X,m) as a probability space. ( The Borel field is 

the Lebesgue measurable sets.) In addition let rv j I be a 

family of random variables on X in which j is an integer 

and V j (x) =(pj (x). These random vaiables are vector valued 

with the dimension of the vector equal to the dimension of 

the domain, X. 

The probabilists' concept of mixing is that for all j, 

the random variabes Vj and Vj +k approach independence as k 

approaches infinity. It can be shown that this idea is the 

same as the definition of mixing used throughout this 

dissertation, however it is expressed in probabilistic 

terms. 

This concept has a computational payoff which leads to 

the definition of the ds index. The payoff comes about by 
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to 

indicate how independent the random variables are. It is 

known that the density of the sum of two independent random 

variables is the convolution of their densities. The ds 

index as defined below compares the density of the random 

variable, Vj + Vj +k , with the convolution of the densities 

of these random variables. 

The above approach is possible because the densities are 

the same f04 all Vj . Also, it can be shown that the 

distribution of the random variable of V j + V j+k is the 

same for all j. This leads to the following definition for 

the ds index. 

DEFINITION 4.42 

Let (X.m.~) be a dynamical system and the random 

variables Vj be as above. Also, let f be the common density 

of the random variables, V j' and let f*f represent the 

convolution of f with itself. Then the ds index, denoted by 

ds{k), is a function over the integers, k, and is given by 

the following formula. 

ds{k) = 

in which dens{Vo + 

J Idens{Vo IRn 

Vk ) is the density of the random 

variable (Vo + Vk ) and the integral is taken with respect 

to the standard volume measure in IRn. 

-------------------~------.~------.-.--.- .... -- ......... ,,-- -- ...... _--- .. . 
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Both the pm index and the ds index are measurements of 

the same type. Each is a measurement of the independence of 

the random variables (Vo + Vk ) as a fUnction of k. The pm 

index is more trustworthy in that it is possible for the 

densi ty of the sum of two random variables which are not 

independent to be close to the convolution of their 

densities. Nevertheless, we have found close agreement 

among the two indexes. This will be seen in the next 

chapter. 

The ds index has a computational advantage over the pm 

index. This is because the pm index is a measurement on a 

space of dimension 2n, but the ds index is only a 

measurement on a space of dimension n, where n is the 

dimension of the domain X. Hence, the computation time for 

the ds index is significantly lower than that of the pm 

index. 

--------------------------~-~ .. ------.-.. ~ .......... _ ....... -....... _ ....... __ .... - .. 
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CHAPTER 5 CONCLUSION 

In Section (i), our experiment to determine whether or 

not the bladeless mixer is indeed mixing is described. 

Resul ts of the actual experiment are also pres~nted. In 

Section (ii), we present a method from which one can 

construct an algorithm to numerically calculate the pm and 

ds ind.e:l;{es of computer simulated systems. We have written 

computer code to carry this out. The pm and ds indexes of 

several systems 

One example of 

as calculated by our code are presented. 

particular interest is a model of the 

blade less mixer which is similar to the suspended flow. 

Some observations on the experimental as well as computer 

results and questions of possible interest for future 

research are presented in Section (iii). 

SECTION (I) EXPERIMENTAL RESULTS 

Our first experiment was to determine whether or not the 

bladeless mixer is ergodic. This was accomplished by the 

method described in Chapter 3, Section (ii). The results 

were successful and we are confident that the mixer is 

ergodic. 

Example 3.25, Patterson's experiment, is a design of an 

experiment to determine whether or not a mixing aparatus is 

actually mixing its contents. This experiment does not work 

well with the blades less mixer. The reason is that the pump 

-------------------~.----- .. -.-............ '_ .. '" ........................ ---.... .. 
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introduces air bubbles into the system and the air bubbles 

scatter much more light than micron sized particles which 

are introduced. There are so many air bubbles in the system 

that we are unable to detect any scattering from the micron 

sized particles. 

Another experiment which is similar to that of Example 

3.25 is to aim a beam of light directly at a silicone diode 

through the mixing tank. The silicone diode converts its 

input to a voltage which is displayed by a voltmeter. 

Therefore, the voltage output is proportional to the 

intensi ty of light that the silicone diode senses. (See 

Figure 5.1.) 

Initially, the mixer is filled with corn syrup which is 

a clear fluid. Afterwards, we introduce a stain with low 

transmissi vi ty. The output voltage is then a function of 

how much stain lies in the path of the light beam and the 

silicone diode. By the theory developed in Chapter 3, we 

are reasonably confident that the mixer is mixing provided 

that the output voltage approaches a steady state value. 

The results of the experiment are displayed in the graph of 

Figure 5.2 which indicates that mixing does indeed occur. 

SECTION (II) NUMERICAL RESULTS 

In what follows, we assume that there is an underlying 

dynamical system, (X,m,~). 

-----------------------~~ .. -... -- .. - ... --.. 
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The first step in creating an algorithm to compute the 

pm index is to partition the product domain, XxX, into q 

cells of equal size, C .. The induced measure of each cell 
~ 

is calculated directly fom the definition of the induced 

measure, formula (4) in Chapter 4, section (vi). 

m~x, <pk (x)) (C i ) = lim (liN) ·i;=aXc. (x, <pk (x)) , 
~ 

where Xc is the indicator function of the cell C .. Using . ~ 
~ 

this formula for large N and placing this value directly 

into the definition of the pm index (defn 4.41) provides a 

simple way to calculate the pm index from the foward orbit 

of a point. 

The ds index can be similarly computed in a simple way. 

Note that the ds index is an integral over ~p, where p is 

the dimension of the domain (see Definition 4.42). In fact, 

the integrand is :l.dentically zero everywhere except in a 

bounded set. We denote this bounded set by D. Partition D 

into q cells of equal size, Ci . 

Let Va and Vk be the vector valued random variables as 

in definition 4.42. Consider the foward orbit of a point as 

a large pool of sample points, N, under which the random 

variable Va + Vk is evaluated and let dens(Va + Vk ) be the 

density of Va + Vk . Then by ergodicity, the following 

formula is true for almost every xEX: 

Ifc.dens(Va+vk) - f*fdxPI = 
~ 

-------------------~------~ .. ----.--.-.-....... . 
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Il~m!l/N) '~:;(VO+Vk) (~j(x)) - fci*fdXPI . (1) 

By using the formula on the right hand side with N very 

large and summing up the results over ell the cells of the 

partition, the ds index can be approximated. 

When the measure of the dynamical system is the standard 

volume, then the density, f, is simply the characteristic 

function of the domain, In such cases it is easy to 

analytically compute the last integral on the right hand 

side. If an analytic expression is not available, it may be 

approximated by taking k to be a large value and using the 

sum with N also large. 

Below are several examples in which the pm and ds 

indexes are calculated by the above schemes. As the 

examples show, the results are somewhat coarse in that fine 

structures of the mixing process cannot be seen. For 

example, neither the numerically computed pm index nor the 

ds index are able to display the exponential rate of mixing 

that is known to occur for the Baker's map. The reason that 

the information provided by these indexes is so coarse has 

to do with the number of iterations that we are willing to 

carry out in order to make the appropriate estimations. The 

point is easily illustrated by the following scenario. 

Suppose that the domain of a dynamical system is the 

unl.' t cube l.' n 1R3. N th t 't t d ' ow suppose a we are l.n eres e l.n 

seeing whether or not mixing occurs on a coarse scaler so 

------------------------~ .. -... -.... - ... -.-.. " ..... '-" ... ~ ......... _ ..... __ ..... .. 
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we partition the domain into smaller cubes of length 1/2. 

This means that there are 64 cells in the partition on the 

product domain. We find that a sample length of 20,000 

points is required to approximate the pm index for this 

partition. If we wish to see mixing on a finer scale, then 

we might partition the cube into even smaller cubes. If the 

length of the smaller cubes is 1/3, then there are 729 

cells in the partition on the product space. The sample 

length required to approximate the pm index for this 

partition is much too large to attempt on a personal 

computer on which we do all of our computing. 

The ds index provides the same detail as the pm index; 

although the computation time is much less. Even though the 

information given by these indexes is coarse, it is useful 

and consistent. For example, the indexes accurately reflect 

that one system mixes faster than another when the mixing 

rates are analytically known. The results are displayed in 

the tables of Appendix 9. In these tables, the indexes have 

been multiplied by 100 times their value for asthetic 

reasons. 

In Examples 5.1-5.5, the domain is the unit square and 

the measure is the standard area. In these cases, the last 

integral in the right'hand side of (1) has been calculated 

analytically. 

------------------------~,-,~- .. -,,-.-.-, 
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EXAMPLE 5.1 The Baker's Map 

Our first example is the Baker's Map. The results show 

that changes in the pm index are insignificant after nine 

iterations of the map and changes in the ds index are 

insignificant after eight iterations of the map .. Due to 

the partition size as well as sample size, the methods used 

to calculate the indexes are unable to distinguish the 
. 2' 

sequence (x, $J(x), $ J(x) , ... 1 from a random sequence when 

j is greater than nine (pm) or eight (ds). We can then take 

the values 5.5 (pm) and 7.5 (ds) as references which 

indicate that the indexes are unable to recognize finer 

mixing beyond this point. These reference values are 

functions of the dynamical system, partition and the number 

of sample points used to calculate the indexes. The 

reference values of mixing systems approach zero as the 

sample size is increased. 

EXAMPLE 5.2 The Cat Map 

The map for this example is the Anasov diffeomorphism on 

the torus, sometimes referred to as the Cat' s Map. It is 

obtained from the matrix, A, as follows. 

A point xEX is mapped to the fractionalcomponents of the 

------------------------~.-----."-,-, ,,' """. ...... .,-- .. ," -,' ..... __ ... -- ' 
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vector Ax. It is known that this map mixes faster than the 

Baker's Map. This is reflected in the pm an ds indexes, as 

the reference values are achieved sooner. 

EXAMPLE 5.3 Nonergodic System 

This example is a variation of Example 5.1. The map is 

obtained by stretching the square into a rectangle with a 

width of two and height of one half just as with the 

Baker's Map. Next, cut and stack the rectangle as shown in 

Figure 5.3. This map is not ergodic since the upper and 

lower halves of the square are invariant sets. The ds and 

pm indexes inititially decrease because the system is 

mixing in 

indexesremain 

system never 

each ergodic 

far from zero, 

mixes. It can 

component. However, the 

which indicates that the 

be shown that the Lyapunov 

exponents and entropy are the same for this map as for the 

Baker's Map and hence are not good indica ters of mixing 

rates. 

EXAMPLE 5.4 Slowly Mixing System 

This example uses Example 5.3 as a starting point. The 

first step in obtaining the map is to perform the same 

operations on the unit square as in Example 5.3. However, 

in order to eliminate the nontrivial invariant sets, a 

rectangle of height 2/10 and width one is reflected about 
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the line x 2=1/2 (see Figure 5.4). The pm and ds indexes 

show that mixing occurs very slowly as is to be expected 

because of the small interchange that occurs between the 

upper and lower halves of the domain. The Lyapunov 

exponents and entropy for this system are also the same as 

for the Baker's Map, but obviously their mixing rates are 

not the same. 

EXAMPLE 5.5 Ergodic but Nonmixing System 

This is the last of the examples on the unit square. The 

dynamical system is the same as that of example 1.25. 

Recall that this system is ergodic, but not mixing. The pm 

and ds indexes reflect that the system is not mixing as 

they don't approach zero. 

For the remaining examples, the domain is the unit cube. 

In Example 5.6, the measure is the standard volume measure. 

This is not the case for the other examples. Accordingly, 

the last integral of (1) is analytically computed for 

Example 5.6, but is numerically approximated in the other 

examples. 

Example 5.6 3-d Bakder's Map 

The map is a three dimensional version of the Baker's 

Map. Both indexes indicate that mixing occurs rather 

-----------------------~ ... -.---.-.-.---..... -....•. '-'.' ... -_ ......... _ ... _ .... __ ..... , 
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quickly. It is known that mixing is complete with respect 

to the partition of the product space that is used to 

calculate the pm index. Another partition would not 

indicate such quick mixL.g. 

EXAMPLE 5.7 A Model of the Bladeless Mixer 

This example is obtained from the suspended flow of the 

mixer. The the base map is assumed to be the Baker's Map 

and the roof function 

[ (sinrrx
1

) . (sinrrx
2

) ] -1/4 . 

is 

The 

assumed 

flow 

to be, = 
differs from the 

suspended flow in that trajectories run from the base space 

to the plane x =1 3 
with velocity, 

rather than running to the surface x 3=r(x1 ,x2 ) with unit 

speed. This system is isomorphic to the suspended flow. 

Reference values of 5.25 (pm) and 15 (ds) appear to be 

appropriate for this example as well as the remaining 

examples. It appears that the system achieves its reference 

value after 16 iterations. 

EXAMPLE 5.8 Suspension of the Cat Map 

It is of interest to know whether the roof function of 

Example 5.7 constrains the rate of mixing of the system or 

whether faster mixing can occur by changing the base map. 

To answer this question, the base map is changed to be the 

same map as Example 5.2, otherwise, the system is the same 
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as that of Example 5.7. The results show that the rate of 

mixing increases. 

EXAMPLE 5.9 Thickening the Boundary Layer 

Another interesting question issue is how the 

singularities of the roof function affect the rate of 

mixing. Accordingly, in this example, the base map is the 

same as that of 5.7, but the roof function is: r(x1 ,x2 ) = 

[(sinn-xl) ,(sinnx2 )]-1/2. Here, the roof function approaches 

infinity much quicker as one approaches the boundary of the 

base space. The time of recirculation for particles near 

the boundary is accordingly much slower. Comparing the 

results of this example with those of Example 5.7, one sees 

that the mixing process is slowed down considerably. 

EXAMPLE 5. 10 Suspension of Cat Map with Thick Boundary 

Layer 

This is the same as Example 5.8, except that the roof 

function is the same as that of Example 5.9. As with the 

previous example, mixing is slowed down considerably. 

SECTION (III) DISCUSSION OF RESULTS AND FUTURE WORK 

The approach of using an abstract mathematical system as 

a model for an actual mixing machine has been successful. 

Experimental results confirm that the bladeless mixer does 

-----------------------------~ .. -.. --.-. -.-... , .... ' , ........ -................ -.- .... . 
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mix its contents and does so quite rapidly. The numerical 

results suggest that the rate of mixing of the actual mixer 

could be increased by selecting a different map for the 

base system. The disadvantage with the Baker's Map is that 

migration of particles from the boundary toward the center 

is slow because portions of the boundary are mapped back 

to the boundary. Since it takes a long time for particles 

close to the boundary to recirculate, one would prefer that 

these particles are mapped into a fast moving region as 

they are by the Cat's Map. This accounts for the superior 

performance of the suspended flow with the Cat's Map as its 

base function. 

Unfortunately, there 

remove the singularities 

is nothing 

from the 

that 

roof 

can be done 

function of 

to 

the 

bladeless mixer, because of the no slip boundary condition 

along the walls of the mixer. Conventional mixers have a 

similar drawback with the no slip boundary condition along 

the blades as well as along the walls. When mixing highly 

viscous fluids, this is particularly problematic. We 

believe that a completely new design based upon the three 

dimensional Baker's Map would be a promising solution to 

this problem. 

We finish with a list of unanswered problems that have 

surfaced in the course of our investigations. 

------------------------~ •• _____ ._. __ •••• -•••••• o· •••.•••.• _ •••.••••....• _._ •••• 
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1) The analysis throughout this dissertation only deals 

with the stationary mixing process so that a map can be 

extracted. Because of stationarity, the map can be iterated 

to indicate the state of the system at future times. Many 

mixing processes are not stationary. For example, there are 

mixers which have two impellers that rotate at speeds which 

are not rationally correlated. In such instances, a map 

cannot be extracted and a dynamical system as defined in 

this dissertation does not exist. Can the ideas of this 

dissertation be extended so that similar experimental and 

numerical results can be obtained? 

2) It was seen that the numerical codes that calculate the 

pm and ds indexes provide coarse information about mixing 

rates. This is partially explained by the limit on the 

number of iterations that can reasonably computed on our 

personal computer. Another explanation is the necessary 

approximations which occur on a computer due to 

discretization. Can a theoretical limit for how accurately 

a mixing rate can be calculated under the restrictions of a 

given finite sample size and a given discrete mesh size be 

arrived at? If so, how close to this limit are the 

numerical methods used to calculate the pm and ds indexes? 

3) How can noise be added to the analysis. In particular, 

-------------------------------.. __ . __ ._-._.- ...... -- . "--'. -. --'- ... - -"-'-' '-"-'--- -
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can numerical schemes be devised which would compute the pm 

and ds indexes in the presence of noise? 

4) One could partition a stange attractor into cells and 

arrive at pm and ds indexes for the attractor. In this way 

~ rate of mixing could be established on an attractor. Is 

this reasonable and would the results be worth pursuiting? 

5) As an engineering problem, could a mixer which executes 

a 3-d Baker I s Map or something similar be constructed? 

Would such a device be economical and practical? 

6) Are there mixing systems which display self similarity 

as is found in fractals? If so, then observations on large 

scales would allow one to understand the system on smaller 

scales as well. 

7) There are systems for which the entropy and Lyapunov 

exponents are good indicators of mixing rates, although 

this is not the general case. Can conditions be found so 

that this is the case provided that such conditions are 

satisfied? 

8) What are the conditions on the base system and roof 

function which guarantee that the flow is mixing? 

-----------------------_.~ .. __ ._._-.. __ ........... , -- ........ - .................. _ .... . 
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9) Does a given roof function of a suspended flow put an 

upper constraint on the rate of mixing no matter what the 

base map is? If so can one estimate this limit? 

10) The ds index sometimes appears inconsistent. 

Apparently, the sum of two random variables may have a 

density that differs little from the convolution.of their 

densities even though they are not independent. Would the 

results be better if more terms in the sum were included? 

11) The detail that the pm and ds indexes provide depend 

upon the partition one selects as well as the sample size 

that one uses. For a given sample size, is there an optimal 

partition. If so, how does one find it? 

12) Theorem 3.22 is not as strong as one would like because 

it is dependent upon the topology of L2 (X) XL 2 (X). Could 

this statement be proved in other topologies? Another 

approach to this problem would be to strengthen theorem 

3.1. We conjecture but were unable to prove that if an 

ergodic system has a single pair of nontrivial sets that 

satisfies the convergence criteria in the definition of 

mixing and if there are no nontrivial periodic sets, then 

the system is mixing. Is this conjecture true? 
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13) There is an interesting phenomena known as weak mixing 

which has not been discussed in this dissertation. Weakly 

mixing systems have the peculiar property that the 

convergence criteria required of a mixing system is 

satisfied except on a sparse set in time. This means that 

the behavior of a weakly mixing system appears like that of 

a mixing system except that some order is intermittently 

restored to the system. This seems counterintuitive and yet 

it has been shown that in the L2 operator topology, weakly 

mixing systems are generic, but mixing systems are sparse 

(for an exact statement of the theorem, see Halmos (1956)). 

Some mathematical examples of weakly mixing systems are 

known, but a weakly mixing physical system has never been 

identified. By carrying out an experiment similar to ours 

with high quality equipment, one might be able to detect 

weak mixing. This t\'ould be quite interesting in view of 

Halmos' theorem. 

----------------------------~ .. ----.. --.................. '- ................ __ ._ .... .. 
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APPENDICES 

APPENDIX A. PROOF OF THEOREM 2.3 

Theorem: The suspended flow, (Y'~'~t)' is isomorphic to the 

flow of the mixer, (x,m'~t). 

Proof: We must find an isomrphism between the domains X and 

Y. The cross section of the mixer over which the base map 

is defined will be denoted by Xb . The domain, Y, is the 

set, Y=( (yb,'t)EXbXIRI YbEXb and tE[O,r(yb )) I. Let s(x) be a 

function from X to the reals defined as follows: 

s(x)= 

~ (x) EX
b

• -s 

smallest nonnegative real such that 

As a candidate for the isomorphism, consider the 

following bijective function, f: 

f(x) = (~ (x) ,s(x)). -s 

For f to be an isomorphism, it must satisfy the following 

properties: 

-1 (i) ~t (;c) = f (~t (f (x))) for all real t and XEX, 

(ii) m(f-1A)=~(A) for all measurable A~Y. 

(i) This property is trivially satisfied by the 

construction of f. 

(ii) It suffices to consider sets A of the form A= ( 

wx(a,b)~YI W~Xb and (a,b) is an interval in the reals 
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since sets of this form generate the Lebesgue measurable 

sets. By definition, p(A)=mb(W) '(b-a), where mb is the 

-1 
invariant measure of the base system. To calculate m(f A), 

we first note that for every XEf-1A, $ (X)EW~Xb with -s 

a<s<b. Therefore, m(f-1A)=(b-a) 'Iw(v(x) 'n)da = p(A). 

End of Proof 

Note that the normalization of time so that (l/mb (Xb )) 

'Ix r (:-d dmb = 1 alIso normalizes the measure of. Xb so that 
b 

m
b

(X
b

)=l, This follows from the fact that m(X)=l and using 

the same method to evaluate m (X) as was used to evaluate 

m(f-1A) in the above proof, we get: 

m (X) = Ix r (x) (v (x) ·n) da 
b 

= Ix r(x)dmb 
b 

= 1 

= (l/mb (xb ))Ix r(x)dmb , 
b 
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APPENDIX B. PROOF OF THEOREM 2.4 

Theorem: A suspended flow with the base system, (Xb , mb , CPb) 

and roof function r(x) is ergodic if and only if (xb,mb,CPb) 

is ergodic. 

Proof: Assume that the suspended flow is ergodic. If 

(xb,mb,CPb) was not ergodic, then by theorem 1.22 there is a 

nontrivial invariant set, WCXb . But then the set 

WXR=f (x,t:) xEW and O~t<r (x) I is an invariant set for the 

suspended flow. This leads to a contradiction since the 

suspended flow is ergodic and can have no invariant sets. 

Next assume that (xb,mb,CPb) is ergodic. Let S£Y be an 

invariant subset of the suspended flow. By construction of 

the suspended flow, S contains elements of the base spacer 

Xb' because all elements of the flow pass through the base 

space. So the set W= XEXb I (x, 1:") ES I cS and must be an 

invariant set for the base system (xb/mb/CPb)' But this set 

must be tJ:'ivial since (xb/mb/CPb) is ergodic. If W is 

trivial in the base space then S must be trivial in Y. 

Therefore, the only invariant sets are trivial so that the 

suspended flow is ergodic. 

End of proof 

-------------------------~-----.. --.... "'-' .... _ ... "'-'- ._-.... -... _ ... __ ..... 
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APPENDIX C. PROOF OF THEOREM 2.5 

Theorem: Let the base map of a suspended flow be mixing. If 

the roof function assumes only a finite number of values 

and the values are all rational multiples of one another, 

then the flow is not mixing. 

Proof: Let r 1 ,r2 ,r3 , ... ,rn be the values that the roof 

function assumes and let Wi=lx€Xbl r(x)=ril. Also let s be 

the smallest real number such that ri/s=p(i), where p(i) is 

a positive integer depending upon i . The value sexists 

because all of the r. 's are rational multiples of 
J. 

eachother. 

Let S=f(x,r)€Y1 XEXb , js~r«j+1)s with j=O,l,2, ... I. 

Then ~sS=S, so S is a periodic set and the suspended flow 

is not mixing. 

End of Proof 

--------------------------~------.~- .. -"-" •... "- .. " ... "_ .. __ .. _-_. __ ..... - . 
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APPENDIX D. PROOF OF THEOREM 3.1 

Theorem: Let (X,m,rJl) be an ergodic discrete system. If 

there exists a pair of nontrivial subsets of the domain, 

A,:ecx, such that for all measurable subsets, A'£A and B'£B, 

lim m(rJlkA'nB') = m(A') 'm(B'), then the system, (X,m,<t», is 
k 'x' 

mixing 

Proof: Let C, D£X be two arbitrary measurable subsets. We 

must show that lim m{rJlkCnD)=m(C) ·m(D). Define the sets Sn 
k ';\;' 

and T. as follows: 
l. 

S ={xEcl rJl-j(X)~A when OSj<n and ~-n(X)EA) 
n 

T.={XEDI rJl-j(X)~B when OSj<i and rJl-i(X)EB), 
l. 

where n,m and j are nonnegative integers. 

By construction, the sets Sn are disjoint and U:=oSn£C' 

Furthermore, because rJl is ergodic, the backward orbit of x 

intersects A for almost every xEC. Therefore, m(~~oSn)=m(c) 

so that the sets U~=o Snand C differ by at most a set of 

measure zero. 

m (if T.) =m (D) . 
i=O l. 

Similarly, the sets T. are disjoint and 
l. 

Also, the sets rJlkS are disjoint for every k. Therefore, 
n 

we have: 
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=lim lim rq rP m(~k+nA n~iB.) 
q IX' P IX> i=O n=O n 1 

(2) 

=lim lim rq rP m(~k+n-iA nB.). 
q il:' P IX> i=O n=O n 1 

(3 ) 

Taking the limit as k approaches infinity and using the 

hypothesis for all subsets of A and B, we get: 

lim m(~kcnD)=lim lim rq rP m(A l·m(B.) (4) 
k . 0 0 n 1 ~ q IX> P ~ 1= n= 

=lim lim rq rP m(S )·m(T.) (5) 
. 0 0 n 1 q il:' P 0:1:' 1= n= 

=lim rP m(S )·lim rq m(T.) (6) 
O n, 0 1 P IX' n= q IX> 1= 

=m ( C) 'm ( D ) ( 7 ) 

The exchange of limits which allows one to pass from (3) to 

(4) can be seen to be valid by the usual trick of replacing 

the infinite sums with finite sums which approximate the 

infinite sums to any arbitrary degree. Once such an 

approximation is available, the interchange of limits is 

valid. 

End of Proof 

----------------------~ .. -----.-.-.-.. --- ,. ---,' - .. -- .. _ ........ _ .. ---_ ....... 
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APPENDIX E. PROOF OF THEOREM 3.22 

Theorem: If a system is not mixing, then the set 

N€(L2 (X)xL 2 (X)) is open and everywhere dense. 

Proof: We prove this for a discrete system. The proof for a 

flow is similar with minor modifications. As usual the 

discrete system is denoted by (X,m,~). 

We first prove that N is open. Let (fO,90)EN. without 

loss of generality it may be assumed that Jxfo(x)dm=O, for 

if this is not the case, then the value of the integral 

could be subtracted from f and the resulting point would 

still be in N. We must show 

(f,g)€(L2 (X)XL 2 (X)) such that II (f,g) 11=1, 

that for any 

there exists an 

£>0 which does not depend upon (f,g) such that 

Again without loss of 

generality, it may be assumed that Jxf(x)dm=O. 

Let (f1 ,gl) be any point in L2 (X)xL2 (X) such that 

I l(f1 ,gl) 11=1 and Jxf(x)dm=O. Because (fO,gO)€N, there is a 

0>0 such that IIxf 0 (~k (x) ) ·go (x) dm I >0 for infinitely many 

positive integers, k. Examine the following quantity 

IIx (f O+£f 1 ) (~k (x) ) . (gO+£91) (x) dm I 

= IJxfo(~k(X)) ·gO(x)dm + £Jxfo(~k(X)) ·gl(x)dm + 

k· 2 k I £Jxf1(~ (x)) 'gO(x)dm + £ Jxf1(~ (x)) ·gl(x)dm 

~ 0 - I £JxfO (~k (x) ) 'gl (x) dm + £Jf1 (~k (x) ) ·go (x) dm 

+ £2 Jxf1 (~k (x) ) 'gl (x) dm I 

----------------------------~ .. -... ----.. -.-.. -... -........... - .............. -- .. .. 
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~ 5 - £ II (f 0 ,gO) I I - £2 

> 0 for small £. 

The inequality holds on the set of all positive integers k 

such that fXfO (ct>(x) ) ·go (x) dm>5. Therefore, the point 

(f O+f1 ,gO+gl)EN, because the above qU.antity is strictly 

bounded above zero for infinitely many k. This bound is 

obtained by choosing an appropriate £. As the appropriate £ 

is independent of the point, (f1 ,gl)' the £ ball around 

(fO,gO) is also in N. Since (fO,gO) is arbitrary, N must be 

open. 

We next prove that N is everywhere dense in 

L2 (X)XL 2 (X) .If NC is empty, then we are done. Assume 

c (f,g)EN . We must show that for arbitrary £, the f ball 

around (f,g), denoted by B(f,g), contains an element of 

N.By the hypothesis that the system is not mixing, N is not 

empty. Let Then 

(f+£fo,g+£90)€B£(f,g) . 

Examine the following quantity: 

fx(f+£f O) (cpk(x»' (g+£90) (x)dm = fxf(ct>k(X» 'g(x)dm + 

£fxfo(cpk(x»'9(x)dm + £fxf(cpk(X»'90(X)dm + 

2 k 
£ fxfO(CP (x» ·gO(x)dm. 

If (f+£fO,g+£90)EN, then we are finished. Otherwise, the 

limit of the expression above converges to the value 

required by that of mixing as k approaches infinity. The 

first term on the right hand side also converges to its 
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appropriate mixing limit because (f,g)ENc~ however the last 

term does not converge to the limi t required of a mixing 

system because (fo,90)EN. Therefore, for convergence of the 

whole expression to its appropriate mixing limit, either 

(i) or (ii) or (iii) both 

(fo,g), (f,gO)EN. 

We examine each case. 

case (i): Examine (f+£fO,g)€B£(f,g). The quantity: 

Jx(f+£f o ) (4)k(x)) ·g(x)dm = Jxf (4)(x)) ·g(x)dm + 

Jxfo\4>k(x)) 'g(x)dm does not converge to its appropriate 

mixing value since (fo,9)EN. 

case (ii): By the same argument used in case (i), the 

case (iii): Both the points (f+£fO,g) and (f,g+£gO) are 

in N by the same argument used in case (i). 

We have located a point in B£ (f, g) which is also in N as 

required. 

End of Proof 

.--.---------------------------.. -~----.-.-.-- .. ---..... - ..... _- --"-"-'.'-_.".-" 
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APPENDIX F. PROOF OF THEOREM 3.25 

This theorem along with its proof is well known. We 

include the proof because we are unable to find it in the 

literature. Only the discrete case is considered here. The 

case for flows is similar with minor modifications. 

Theorem: Let (X,m,~) be a discrete, ergodic system and let 

the real functions 2 f , gEL (X). If lim Jxf (~k (x) ) .g (x) dm=c 
k <X> 

for some constant, c, then c=Jxf(x)dm·Jxg(x)dm. 

Proof: lim 
k 'x' 

= k f o~ , g> = 

where <.,'> represents the inner product on L2 (X). 

End of Proof 

-------------------------~----.--~.-... --- ... --........ _._--_ .. _----.... __ .. _- . 
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APPENDIX G. PROOF OF THEOREM 4.39 

Theorem: Let X be a bounded subset of mn and A(X) be the 

space of all positive Borel measures on X. Then a metric on 

A(X) is given by the following formula: 

d (m1 ' m2 ) =Lj=O (1/2) j ,cxj . Il1j (m1 ) -l1 j (m2 ) I, 

where m1 , m2E/\ (X) and cx .=i/sup I p. (x) I. 
J XEX J 

Proof: We must show: (i) iff 

(i) If then for 

If differs from then by 

(ii) 

all j and 

the Riesz 

representation theorem, there are two linear functionals on 

C(X), w1 and w2 ' such that Ixf(x)dmi=(f,wi ) for all fEC(X) 

with i=1,2. The span of the moment functions, Pj is dense 

in C(X). Therefore, because wi and w2 are different, there 

is a j such that (Pj,w1 )¢(Pj'w2 ). Therefore, I1 j (m1 )¢l1 j (m2 ) 

and d(m1 ,m2 )¢O. 

(ii) This follows from the fact that la + bl = Ib + al 

for all real a and b. 

(iii) This follows from the fact that la + bl ~ la + cl 

+ Ic + bl for all real a, band c. 

-------- -----------------------
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APPENDIX H. PROOF OF THEOREM 4.40 

Theorem: Let (X,m,$) be a discrete dynamical system. Then 

(X, m, $) is mixing if and only if for almost all xEX, lim 
k ,~ 

d(m(x,$k(x)) ,mxm) = o. m(x,$k{x)) is the induced measure at 

(x,$k(x)) for the product system (XxX,mxm,($,$)) and will 

henceforth be denoted by mk. 

Proof: Assume (X,m,<P) is mixing and let 00 be given. We 

will show that there exists a K such that for all k>K, 

d (mk ,mxm) <£. Recall that 

d (mk , mxm) =2:j'=o (1/2) j '(Xj . Illj (mk) -Il j (mxm) I. By definition of 

ex
J
., ex. ·111. (mk )-Il. (mxm) 1~2. Therefore, the sum converges 

J J J 

uniformly in k and there is a positive integer, .s, such 

that L~ (1/2)j'ex··IIl.(mk )-Il.(mxm) 1<£/2 for all k. 
J=S J J J 

Because (X,m,$) is mixing, there is a KO such that: 
. k 

( 1/2 ) J . ex .. III . (m ) -11 . (mxm) I < £ / ( 2 s ) 
J J J 

for all k>KO' Take K=K O' then; 

d (m k, (m xm) ) = 2:j : ~ ( * * * ) + t"~' (***) 
L.J=s 

< £/2 + £/2 = £, 

where (***) represents the apprpriate quantities form the 

metric. 

Assume that lim 
k oX' 

= 

k d (m , (mxm) ) =0. Then the 

whenever 

lim 
k oX' 

the 

functions f and g are moment functions over the domain X. 
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This is because all moment functions over the domain XxX 

are products of moment functions over the domain X. But the 

span of the moment functions are dense over L2 (X). 

Therefore, the limit holds for all f,geL 2 (X). 

End of Proof 

An alternative proof of theorem 4.40 is to show that the 

topology on the space of all positive Borel measures given 

by the metric of theorem 4.39 is the same as the weak * 

topology. Therefore, the above theorem states that a system 

is mixing if and only if mk converges to m in the weak * 

topology. This is obvious from theorem 3.2. 

-------------------------~ ... ----_._ .. _.,- .-.'-' ._-_._--.. _ ... _ .... _ ... -. 
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APPENOIX I. TABLES 

TABLE 1. The PM and OS Indexes of Examples 5.1 through 5.5 

Ex. 1 Ex. 2 Ex. 3 Ex. 4 Ex. 5 

PM (1) 155.56 106.11 125.93 125.93 116.28 
PM (2) 113.38 41. 84 98.57 117.50 110.91 
PM(3) 61.33 5.14 71. 58 73.40 146.10 
PM(4) 46.50 4.73 63.26 71. 80 149.14 
PM (5) 26.45 4.34 56.14 50.99 121. 75 
PM(6) 17.42 5.01 52.09 44.54 136.56 
PM(7) 10.16 4~58 49.93 35.47 109.91 
PM (8) 7.86 4.79 48:87 29.85 142.61 
PM (9) 5.32 5.00 47.30 25.15 127.83 
PM(10) 5.00 4.72 47.11 21.56 109 .. 31 
PM Cl,l) 4.66 4.45 46.58 18.80 121.59 
PM(12) 4.00 4.33 47.43 16.24 . 136.16 
PM(13) 3.87 4.98 46.70 14.74 122.93 
PM(14) 3.94 4.49 47.06 12.23 129.30 
PM(15) 3.98 3.97 47.39 1.3.26 114.62 
PM(16) 4.45 4.33 47.01 12.29 129.76 
PM(17) 4.78 4.86 47.18 11. 82 138.00 
PM(18 ) 4.73 4.27 47.06 10.17 110.49 
PM(19) 5.01 4.67 47.28 10.37 107.50 
PM(20) 5.26 3.61 46.82 9.63 145.86 

'OS(l) 33.36 24.87 53.63 49.61 60.94 
OS(2) 23.12 19.55 52.63 47.78 31.68 
OS(3) 19.00 5.19 49.77 32.15 19.77 
OS(4) 19.28 5.48 48.72 30.63 18.67 
OS(5) 13.92 3.37 48.86 22.50 35.81 
OS(6) 11.10 2.35 47.07 21. 37 47.06 
OS(7) 9.68 3.30 48.18 17.49 34.17 
OS(8) 7.35 3.02 49.68 14.75 34.89 

OS(9) 6.52 3.39 47.69 12.20 40.94 
OS(10) 7.48 3.01 49.34 9.56 49.02 
OS(ll) 6.97 2.89 48.59 9.05 46.30 

OS(12) 7.35 2.57 49.48 8.09 46.11 
OS(13) 8.35 2.50 49.36 6.53 26.94 

OS(14) 4.57 2.53 47.56 5.84 9.78 

OS(15) 5.38 3.27 49.02 5.86 7.35 
OS(16) 4.73 3.14 46.76 4.76 24.52 
OS(17) 5.24 2.83 48.85 9.17 41.72 
OS(18) 6.26 3.06 47.75 4.39 41.30 
OS(19) 6.77 3.27 48.49 4.07 41. 92 
OS(20) 6.13 2.55 47.78 5.18 48.01 

-------------------------~ .. -.'- ... ---.~ ................. "- ............... __ ... - .. 
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TABLE 2. The PM Index of Examples 5.6 through 5.10 

PM(l) 
PM(2) 
PM(3) 
PM(4) 
PM(5) 
P~(6) 
PM(7) 
PM (8) 
PM(9) 
PM(10) 
PM(ll) 
PM(12) 
PM(13) 
PM(14) 
PM (15) 
PM(16) 
PM(17) 
PM(18i 
PM(19) 
PM(20) 
PM(21) 
PM(22) 
PM(23) 
PM(24) 
PM(25) 
PM (26) 
PM(27) 
PM(28) 
PM(29) 
PM(30) 
PM(31) 
PM(32) 
PM (33) 
PM(34) 
PM(35) 

Ex. 6 

100.00 
4.53 
4.60 
4.75 
4.80 
4.05 
4.27 
4.68 
5.88 
4.59 

* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
'I< 

* 
* 
* 
* 
* 
* 
* 
* 
* 

Ex. 7 

105.64 
54.86 
42.05 
29.75 
29.73 
23.16 . 
22.45 
15.02 
15.58 
14.82 
13.91 
14.33 
13.07 
12.20 
11. 20 
10.80 
10.50 

9.58 
9.39 
9.82 

11.06 
10.46 

9.98 
9.66 
9.98 

10.27 
10.41 
10.03 

9.64 
9.71 

10.73 
10.65 
10.11 

9.57 
9.94 

Ex. 8 

60.57 
31. 33 
16.94 
12.25 
12.18 

7.07 
6.48 
5.44 
4.57 
5.09 
5.41 
5.38 
4.55 
4.44 
4.63 
4.54 
4.46 
4.73 
5.50 
5.17 

* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 

Ex. 9 

110.39 
76.72 
65.25 
57.78 
53.55 
48.42 
4~.88 
42.29 
39.93 
38.14 
35.54 
34.22 
32.43 
31. 23 
29.33 
28.13 
26.71 
26.07 
25.51 
25.06 
23.37 
2.2.45 
22.22 
21.22 
20.56 
19.09 
18.66 
18.01 
16.41 
16.62 
15.84 
16.21 
16.13 
16.19 
15.60 

Ex. 10 

94.45 
63.73 
53.17 
36.37 
29.10 
26.39 
23.40 
21. 65 
20.18 
19.18 
18.10 
15.76 
15.17 
14.24 
12.91 
12.20 
11. 64 
11.36 
11. 30 
10.26 
10.15 
10.37 

9.77 
9.85 
9.71 

10.07 
10.18 

9.54 
9.27 
8.36 
8.79 
8.00 
8.53 
8.48 
8.47 

A * indicates that the index has settled down and varies 

little beyond this point •. 

---.•. -.-~--.~--..-,- .... ~-..•. -... -.. -.. -_._- ....... _-
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OS(l) 
OS(2) 
OS(3) 
OS(4) 
OS(5) 
OS(6) 
OS(7) 
OS(8) 
OS(9) 
OS(l) 
OS(ll) 
08(12) 
08(13) 
OS(14) 
OS(15) 
OS(16) 
D8(17) 
08(18) 
08(19) 
08(20) 
08(21) 
OS(22) 
08(23) 
OS(24) 
OS(25) 
OS(26) 
OS(27) 
OS(28) 
OS(29) 
OS(30) 
OS(31) 
OS(32) 
OS(33) 
OS(34) 
OS(35) 

Ex. 6 

34.44 
22.12 
16.42 
10.01 

8.49 
6.91 
8.32 
5.71 
6.31 
6.06 
6.95 
5.59 
5.28 
6.37 
5.38 
5.29 
4.84 
4.38 
8.03 
6.40 
5.39 
4.97 
4.40 
8.03 
6.30 
5.29 
5.42 
6.43 
5.43 
4.93 
5.76 
5.37 
5.82 
5.44 
5.04 

Ex. 7 

50.47 
41. 68 
34.27 
28.23 
25.01 
23.97 
20.30 
20.59 
19.03 
18.64 
19.03 
18.9B 
17.56 
17.93 
18.89 
17.12 
16.68 
16.28 
17.00 
16.43 
16.48 
15.89 
16.12 
16.03 
16.64 
16.59 
16.89 
16.28 
15.88 
15.86 
15.54 
16.04 
16.51 
16.30 
15.68 

Ex. 8 

34.56 
27.19 
18.90 
11. 80 
16.14 
17.61 
16.46 
15.28 
16.05 
15.60 
15.86 
15.91 
15.53 
14.92 
14.53 
15.51 
15.62 
16.49 
15.56 
16.15 
15.86 
15.91 
15.53 
14.92 
14.53 
15.51 
15.62 
16.49 
15.16 
16.15 
15.61 
15.03 
15.32 
14.91 
15.56 

Ex. 9 

82.64 
73.56 
69.27 
66.11. 
64.44 
60.95 
59.62 
58.84 
57.01 
55.64 
55.00 
54.30 
53.87 
53.63 
52.42 
52.02 
51. 40 
51. 08 
50.94 
51.16 
52.14 
51.15 
50.55 
50.45 
49.91 
49.81 
49.97 
49.48 
49.30 
50.24 
50.03 
49.44 
48.76 
49.54 
48.64 

Ex. 10 

65.17 
55.29 
47.84 
38.81 
38.59 
36.91 
34.17 
33.49 
32.43 
32.65 
32.10 
31.37 
31. 37 
31.21 
31.00 
30.85 
30.84 
30.76 
30.02 
29.79 
29.38 
29.22 
28.41 
27.96 
27.97 
27.96 
27.97 
27.96 
27.79 
28.48 
28.62 
28.26 
28.32 
28.68 
29.11 
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