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Abstract 

Arguments are presented for understanding the selection of speed and the na

ture of the fronts which join stable and unstable states on both the subcritical and 

the supercritical side of first order phase transitions. Subcritically, a unique front 

exists for a given set of parameter values, corresponding to a unique connection be

tween metastable states. In the phase space of the Galilean ODE, uniqueness arises 

from the non-perturbability of a connection between saddle points corresponding 

to plane waves and ground states. Unique connections are shown to be special so

lutions which have the Painleve property, and such solutions are found using the 

WTC method. ODE trajectories corresponding to unique front solutions are shown 

to satisfy van Saarloos' reduction of order, which suggests that "integrability" for 

solutions corresponds to the existence of non-generic conservation laws. Supercrit

ically, observable front behavior occurs when the asymptotic spatial structure of a 

trajectory in the Galilean ODE corresponds to the most unstable temporal mode 

in the governing PDE. This selection criterion distinguishes between a "nonlinear" 

front, which originates in the first order nature of the bifurcation, and a "linear" 

front. The nonlinear front is a continuous deformation of the unique subcritical 

fronts, is a strongly heteroclinic trajectory in the ODE, and is an integrable solu

tion for the PDE. Many of the characteristics of the linear front are obtained from 

a steepest descents linear analysis due to Kolmogorov. Its connection with global 

stability, and in particular with arguments based on a Liapunov functional, is pur

sued. Liapunov functionals illustrate that stable front behavior arises from the. most 

unstable mode of the PDE,but the stability-based selection criterion is valid even 

where the Liapunov functional doesn't exist. 
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Chapter 1 

Fronts in the Real Equation 

1.1 Introduction 

Fronts in reaction-diffusion PDE have received the interest of both mathematicians 

and scientists. A front is a propagating interface between two different steady states 

and can be viewed physically as a balance between diffusive forces, which couple dif

ferent points in the field, and reactive forces, which endeavor to move the system 

from unstable to stable states. Fronts are relevant in optical, chemical, hydro

dynamic, and biological fields, which is why they have received so much applied 

mathematical interest. 

Perhaps the beginning of rigorous interest in fronts was due to the Fisher

Kolmogorov (FK) equation; 

(1.1) 

which arose in population dynamics. Equation (1.1) describes the spread of a pre

ferred genotype (u = 1) into a region initially dominated by a less selective genotype 

(u = 0). This equation exhibits several characteristics relevant to the rest of this 

paper: an unstable uniform state (u = 0), stable uniform states (u = ±1), second 

order diffusion and first order time derivatives. Fronts which oscillate about zero 
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exist in the FK equation, but they were viewed as unphysical since they represent 

negative population densities. As we will show later, however, in most types of 

problems these oscillatory fronts actually contain the relevant physical processes. 

Fronts in the FK equation connect the unstable to the stable state, and move to

ward the unstable state. The preferred front speed is the speed at which an observer 

must move in order to see local exponential growth of the most unstable perturba

tions as stationary in his frame of reference. It is the speed of a surfer on a wave 

which seems to be growing to a stationary observer. With this sort of intuition, 

Kolmogorov [15] was able to use a method of stationary phase, or steepest descents, 

to find the asymptotic speed of fronts in equation (1.1). 

Equation (1.1) is the real version of either Complex Ginzburg-Landau (CGL) 

[19] or Newell-Whitehead-Segel (NWS) [20, 21, 25] equations. These are envelope 

equations which describe the dynamics of wave envelopes near transition in hydro

dynamic systems. A confined, motionless fluid for example, heated from below, is 

initially unstable to a small band of wavenumbers. Because these wavenumbers are 

all close to one another, the development of the packet is equivalent to a long-scale 

modulation of the envelope of the most unstable wavenumber. The CGL equation, 

which describes the evolution of a traveling wave envelope, may be written 

At = A + (1 + i(3)A:r;:r; - (1 + i-y)AIAI2, (1.2) 

and the NWS equation is (1.2) with {3 = "y set to zero, corresponding to a situation in 

which the exchange of stabilities occurs and the new state is fixed in space. The time 

and space scales of (1.2) are long compared to the scale on which convection occurs 

in a heated fluid. For both of these equations and consequently for the FK equation, 

Dee and Langer [11, 10]] showed that Kolmogorov's approach is equivalent to finding 
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the maximal speed of unstable Fourier modes in the linear portion of (1.2). The 

idea is that a perturbation about the unstable state is a sum of Fourier modes, each 

of which obeys the linear dispersion relation of (1.2). Given an initial perturbation 

with compact support, the far field will first be destabilized by the most rapidly 

growing mode. This critical mode will then determine the subsequent growth of the 

asymptotic front. 

Dee and Langer observe that their approach is equivalent to a marginal sta

bility approach used by Fisher for the FK equation [12]. Marginality, they point 

out, means that the asymptotic front speed and the group velocity are the same. 

Moreover, marginality is equivalent to maximum speed from the continuum of pos

sible speeds. Hence the marginal front should be stable; perturbations which don't 

grow move at group velocity and are neutral with respect to the marginal front. 

Perurbations which do grow move more slowly and must therefore be outrun by the 

marginal front. Since the marginal front is composed from the fastest moving insta

bility about zero, it can not be destabilized by anything in its frame of reference. 

The asymptotic speed of the stable front should therefore be given by the marginal 

front speed. 

Numerical results, for example those of Nozaki and Bekki [22], indicate that the 

marginal stability approach gives the speed of the preferred fronts in the FK, CGL, 

and NW equations. However in all of these equations the relative strength of the 

nonlinearities is fixed. In equations which allow for tuning the strength of nonlin

earities, Aronson and Weinberger [3]] calculated explicit fronts which propagate at 

speeds faster than the supposedly maximal marginal speed. One equation for which 
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this occurs is 
U 

Ut = U:z::z: + b(b + u)(l - u). (1.3) 

Equation (1.3) was studied extensively by Ben-Jacobs et. al. [4], and the results 

summarized by van Saarloos [29,30]. The parameter b adjusts the relative strengths 

of second and third order nonlinearities in (1.3). For some parameter regimes, the 

marginal front is shown to be unstable to an "isolated nonlinear mode" of the PDE. 

This special solution has asymptotic behavior which corresponds to a discrete point 

in the normally continuous spectrum of possible asymptotic speeds. When this 

discrete speed describes a front with steeper asymptotic decrease than the marginal 

front, it is the asymptotic speed for fronts in (1.3). 

Wim van Saarloos [29, 30] showed that similar circumstances exist in other sys

tems where the relative strengths of nonlinearities can be changed. In the equation 

(1.4) 

he showed that in precisely determined parameter regimes a special "nonlinear" 

speed is preferred over the marginal speed. He also showed that the approach 

to the asymptotic speed is exponential in the case of nonlinear preference, but 

only algebraic in the case of linear marginal preference. Essential to van Saarloos' 

argument is the analysis of the linear dispersion relation, 

A2 + CA + 1 = 0, (1.5) 

of neutral modes e'\(:z:-ct) in the linear portion of (1.4). Rejecting oscillatory modes, 

an argument inherited from the FK analysis but which is not supported here, van 

Saarloos considers A real, and argues that only the smaller of the two roots in (1.5) 
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is physically relevant at any particular speed c. The exception to this rule is the 

special "nonlinear" mode. 

The results presented here agree with van Saarloos' results as far as determining 

which speed, linear or nonlinear, dominates in systems- like (1.4). However, it is 

actually the oscillatory solutions to (1.4) which are physically and mathematically 

relevant. In particular, translating a PDE into an ODE by looking for stationary 

solutions in a translating frame of reference suggests the incorrect asymptotic de

pendence for front solutions. The asymptotic behavior demanded by ODE dynamics 

is unstable behavior in the PDE. As will be shown presently, the flow of the ODE 

chooses high speed, weak (and non-oscillatory) spatial dependence for fronts, which 

predicts that convergence to the preferred front speed should be from above. How

ever, the PDE doesn't allow for arbitrarily large propagation speed. Relevant front 

behavior occurs only when both the PDE and ODE dynamics for a front concur, 

and they concur for the oscillatory solutions and the "nonlinear" solution. It will be 

shown that "nonlinear" solutions have topological properties of strong heteroclinic

ityas trajectories in the ODE phase space. 

In this dissertation I introduce the new idea, unproven in general but valid in 

every case tested, that these special trajectories can be determined using the Weiss, 

Tabor, and Carnevale (WTC) method. The WTC method reveals the potential 

integrability of systems of PDEs by investigating whether the general solution has 

the strong or weak Painleve property. Truncating the Painleve series gives rise to an 

overdetermined set of equations whose solutions have special properties. In a recent 

paper, Cariello and Tabor [9] showed that, even though the original equations are not 

in general integrable, certain solutions of the original PDE can be found by using the 
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same overdetermined systems arising from the truncated Painleve expansion. These 

special solutions always seem to correspond to special heteroclinic orbits. The WTC 

method may provide a mathematical framework in which van Saarloos' reduction 

of order ansatz for finding the nonlinear solutions is something other than a lucky 

guess. Accordingly, it will be shown that the WTC method gives the reduction of 

order in a travelling frame of reference. 

Since my interest in fronts grows out of hydrodynamics, I transform the equation 

(1.4) into a form familiar in that context, 

(1.6) 

by rescaling t, x and u. The parameter p. plays the role of a scaled stress parameter 

near a subcritical bifurcation from an unstable state, e.g. Rayleigh number in binary 

convection or Reynolds number in Taylor-Couette flow. Equation (1.6) is in a form 

reminiscent of potential amplitude equations for such subcritical bifurcations. It is 

also the real version of a model CGL-type equation some authors (for example van 

Saarloos and Hohenberg [31], Thual and Fauve [28], Powell and Bernoff [23], Hakim, 

Pomeau and Jakobsen [13]]) have used to begin describing nonlinear phenomena 

arising in these circumstances, 

At = p.A + (1 + i(3)A:z;:z; + (1 + h)AIAI2 - (1 + i8)AIAI4. (1.7) 

I will occasionally refer to (1.7) as QCGL for Quintic Complex Ginzburg-Landau 

and (1.6) as rQCGL for real QCGL. 

The influence of subcritical bifurcation is not well understood either mathemat

ically or physically, which is why the above authors have begun to study equations 

like (1. 7). The impetus for these studies has been the observation of unique, subcrit-
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ical convection phenomena. Experiments in convection of binary mixtures (where 

buoyancy terms are generated by both heat diffusion and diffusion of some other 

concentration, for example salinity in the ocean) indicated that stable stable finite 

amplitude states exist sub critically, when the motionless state is still stable (Ahlers 

et. al. [1], Moses, Steinberg et. al. [18,26], Surko, Kolodner and Passner [27]). Mor

ever, a number of new and unexplained subcritical phenomena have been reported, 

including fronts and pulses of stationary convection coexisting with motionless fluid. 

New work by van Saarloos and Hohenberg [31] has begun to shed light on the sta

bility of pulses, but only from a numerical standpoint. How such states can exist is 

not understood, nor is it understood how they can be stable. 

A pitchfork bifurcation occurs from the motionless solution just as for (1.2). 

However, the pitchfork is subcritical and the waves which it describes are unstable 

[7, 8, 6, 23, 17]. The CGL equation which can be derived in this circumstance 

has unstable finite amplitude plane waves and a stable zero solution. The unstable 

plane waves make it unphysical, although Landman has done some interesting work 

in just this situation [17]. One way to create stable plane waves is to include a 

quintic nonlinearity, as in QCGL, to model the higher order terms which the CGL 

neglects. This gives both the subcritical pitchfork (resulting in a branch of unstable 

plane waves) and a saddle-node bifurcation at finite amplitude (resulting in a higher 

branch of stable plane waves) [23,6,24]. One way to begin to study the experimental 

phenomena mentioned above is to examine fronts in QCGL, on the assumption that 

a pulse is just two fronts stuck together. 

Jones, Kapitula and Powell [14] have discussed the parametrization and existence 

of subcritical fronts in QCGL. They show that there is in fact only one stable front in 
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the subcritical regime. WTC solutions also exist for QCGL in both subcritical and 

supercritical regimes, and are a continuous deformation of the unique subcritical 

fronts described by Jones et. al. Results for QCGL and (1.3) will be presented, 

but the first chapter will focus on rQCGL, where the details of the calculations are 

mathematically, pictorally, and intuitively clear. 

The first chapter is therefore a microcosm of the dissertation. The ideas and 

development are presented for the real equation, and the end results for QCGL 

and (1.3) are presented for comparison. The blow by blow production of these 

results is relegated to later chapters. Chapter 2 will deal with the existence of 

sub critical fronts in the complex equation. Here it turns out that in a dominant 

parameter regime there is only one front possible for a given parameter value, and 

this front is given by the WTC method. The third chapter will deal with supercritical 

fronts in the complex equation. Supercritically, a continuum of fronts is possible, 

parametrized by both speed and wavenumber. What the strongest front is amongst 

this continuum of competitors will be presented in the third chapter. 

By way of introduction to equation (1.6) the next section will use the Kolmogorov 

method of stationary phases to determine the linear marginal speed in the second 

section. In the third section the WTC method will be used to find special fronts and 

to show that these are equivalent to the fronts found using van Saarloos' 'reduction 

of order.' In the fourth section the continuum of allowable front speeds is introduced, 

and phase space arguments provide a unified understanding of the spatial structure 

of the linear and nonlinear solutions. Numerical results indicate that fronts converge 

to the preferred front through the continuum of stable fronts; these results are 

presented in the fifth section. Convergence of front speeds is shown to be from 
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below the final front speed, instead of above as suggested by Ben-Jacob et. al.[4], 

and van Saarloos [29,30]. When the fronts converge to the WTC solution, they may 

converge by leaving behind a wave singularity, which will also be discussed in the 

fifth section. In the sixth section a Liapunov functional illustrates why this must 

be the case, at least locally. Finally, in the last section of the first chapter, van 

Saarloos' arguments are cast in the new mathematical context. 

1.2 The Kolmogorov-Langer Approach 

Consider the PDE 

(1.8) 

A front solution to rQCGL is a solution u(x, t) = u(x - ct) which satisfies the 

boundary conditions 

u-+-O 

as x-+- 00, 

as x -+- -00, and 

u4 - u2 - Il = 0 l/ l/ r • 

When p. > 0 the solution u = 0 is unstable and there is only one positive root for .. 
ul/' 

A traditional method for determining the asymptotic speed of a front from gen-

era I initial conditions is the Kolmogorov stationary phase argument, or equivalently 

the method of steepest descents. Let's propose a broad-band initial condition for 

rQCGL, 

u{x, 0) = Uj{x) 
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with 

Where u remains small, the solution may be written 

u(x, t) = L: u(k) exp[ikx + n(k)t]dk. (1.9) 

In (1.9), 

·1 100 

u(k) = -2 Uj(x) exp( -ikx)dx, 
7r -00 

and 

n(k) = p. - k2 • 

The form of n(k) follows from the linear portion of rQCGL. 

To determine the preferred front speed evaluate (1.9) asymptotically for large t 

in the region 

x=z+ct 

with z and c both of order one, c undetermined. In terms of z and c (1.9) becomes 

U(z, t) = i: u(k) exp[ikz + h(k)t]dk (1.10) 

with 

h(k) = ick + n(k). 

I will evaluate (1.10) using the method of steepest descents. Asking that h(k) be 

critical provides the requirement 

h'Ck) = o. 

This gives 

ic + n'Ck) = ic - 2k = 0, 
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or 

c* = -2ik*, 

Here (,). denotes a quantity determined via steepest descent. Hence 

Note that this is equivalent to the Dee and Langer [11, 10]] argument for determining 

the asymptotic form of the front by examining the fastest mode among all unstable 

modes in the linear dispersion relation. 

For this approximation to be stable in time an additional requirement must be 

satisfied; 

Real[h(k*)] = o. 

The asymptotic form for u is given 

u(z, t) = u(O)e"Oz 1: exp[~hll(0)k2t]dk, 
with c* = 2.fii and ,.\* = -.fii' Since h"(O) = -2, 

u(z, t) = u(o)e"oz/f. 

(1.11) 

(1.12) 

As will be shown later, the asymptotic front speed c· is the maximum speed in the 

continuum of possible front speeds. 

Using the method of stationary phase on either equation (1.3) or QCGL is no 

more difficult, as will be shown in the third chapter. In the case of (1.3), c· = 2 

regardless of the parameter b, and ,\'" = -1. In the case of QCGL, the asymptotic 

form of the marginal front is given by 

A(z t) '" e(,\o+ikO)z+iw't ~ , V (1 + i(3)t' 



The speed of this marginal solution is the same as the real version, 

with 

k. (3.jiI 
- VI + 082 ' 

k· 
". - -- and (3' 
w· - -(3p,. 

1.3 An Integrable Front from the WTC Method 
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Even though c· is the maximal speed in the continuum of front speeds, it is possible 

for a front to have a speed c with c ~ c·. A closed-form solution for such a front 

may be found using the Weiss-Tabor-Carnevale (WTC) method. This method was 

first applied to CGL-type equations by Cariello and Tabor [9]. As they point out, 

however, in this circumstance it is completely equivalent to either Hirota's transfor

mation [22] or to a Cole-Hopf transformation. 

1.3.1 Applying the WTC Method 

The WTC method begins by finding a leading balance for rQCGL. Let 

u(x, t) = <fJ(x, t)[a(x, t)r 

The function a is the singular manifold and the scalar € a power yet to be determined. 

As a -+- 00, the highest order derivatives in rQCGL should balance the biggest 

nonlineari ties. Therefore to leading order in a, 
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The relation 5f = f - 2 determines 

We seek a truncated Painleve expansion 

u = ¢J(x, t)a(x, t)-!. (1.13) 

Equation rQCGL becomes 

Collecting similar powers of a gives an overdetermined system of equations for ¢J 

and a: 

¢J4 3 2 (1.14) - 4a:z:, 

at - 2 ~ a:z: + a:z::z: - 2¢J2, and (1.15) 

¢Jt - p.¢J+¢Jt1!:z:' (1.16) 

From ¢J2 = ±~a:z:, 2¢J¢J:z: = ±~a:z::z:, and dividing gives 

Equation (1.15) becomes 

( 1.17) 

Deriving (1.17) with respect to x and using various derivatives of (1.14) yields 

(1.18) 



24 

Equating <Pt in (1.16) and (1.18) gives an equation for the spatial dependence of <P, 

<p2 
<P3:3: 1= v'3<P3: + 2 ; - 11-<P = O. (1.19) 

Equation (1.19) has solutions <P '" exp(Ax) with 

A = :[±1 + (±)V1 + 411-J. (1.20) 

Equation (1.16) gives the time dependence for <P 

and hence 

We require rP -!o 0 as x -!o 00 for a front solution. Therefore A < O. To determine a, 

2 2 (1!+.\3 ) a3: = ± y'3rP2 = ± y'3rP~e2'\ 3:+---x-t , 

so that 

a = ± A~(1 + e2.\(3:+~t)). 
Here translational invariance was used to conveniently determine the arbitrary con-

stant. 

Since a appears as a square root in u, we must choose the minus sign above 

(both minus signs in (1.20)). This gives a solution for Uj 

- ya~e~% 
U = "'0 . VI + e2~% 

Here 

z = x - Ct, 

C 
11- + X2 

, and (1.21) = 
X 

va 
X = -6[1 + VI + 4/t]. 
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'With the boundary equation u ~ u, as x ~ -00, we can determine <Po and the final 

form of the WTC solution 

(1.22) 

1.3.2 Van Saarloos' Reduction of Order 

The above special solution using the WTC method is equivalent to the "nonlinear" 

solution found by van Saarloos [29, 30]. In fact, if the overdetermined sytem of the 

WTC approach is written in a travelling frame, we can show that this solution is the 

same as the one found by van Saarloos' reduction of order hypothesis. Van Saarloos 

supposed that the special solution satisfies a first order ODE in the traveling frame 

of reference 

Uz = au + bu3 (1.23) 

with a, b, and the front speed c undetermined. 

Although this seems like a fairly violent assumption, it is actually fairly sensible. 

As we will discuss in t~e next section, these nonlinear fronts have the property in 

phase space that they leave and approach fixed points precisely along eigendirection-s, 

corresponding to the analytic property of exactly satisfying a first order ODE. This 

suggests that the entire trajectory may be the solution of a first order ODE, like 

(1.23). Moreover, any trajectory satisfying (1.23) is integrable, so it isn't surprising 

that reduction of order should result in a WTC solution. The constants in the 

simpler equation are determined by requiring that (1.23) also satisfy rQCGL written 

in a travelling frame of reference, 

(1.2<1) 
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Substituting (1.23) into (1.24) and equating powers of u gives an algebraic system 

which may be solved for a, band c. In terms of quantities we have determined, the 

solution is 

a - X, 
b 

1 
- v'3' and 

c = c. 

Once this is done, van Saarloos' method gives the solution (1.22). 

To show that (1.23) is equivalent to the WTC system (1.14), (1.15) and (1.16), 

let us begin by substituting the form (1.13) into (1.23). This gives two equations at 

different orders in a: 

(1.25) 

and 

(1.26) 

Comparing (1.26) with (1.14) makes it clear that b = Ta' which is what van Saarloos 

determined. On the other hand, deriving (1.25) with respect to z and adding JltP to 

both sides gives 

(
a

2 + Jl) tPzz + JltP = atPz + JltP = a tPz; 

which is equivalent to (1.16) written in a travelling frame with speed 

a2 + Jl X2 + Jl _ 
-c = = _ = -c, 

a >. 

as determined above. Finally, if we substitute (1.25) into the last determining 

equation of the WTC method, (1.18), we get an algebraic condition on a, 

3a2 + V3a - Jl = O. 

,. 
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This is precisely the same as a = X above. Thus, using the WTC method to find 

an integrable trajectory is equivalent to van Saarloos' ansatz that the nonlinear 

trajectory may be written as the solution to a first order ODE. 

1.3.3 Nonlinear Speed Dominance 

Recall now that the linear marginal speed found in the previous section, c*, IS 

supposed to be the maximal possible speed. Now we will show that it is possible 

for c > c'" and X < ,\'" in some parameter regimes. The range of # for which this 

happens is defined by 
# + X2 _ - .. = c > c'" = 2VJi. 

,\ 
(1.27) 

Equation (1.27) gives 

after squaring both sides. Note that (1.27) is certainly satisfied for # either small 

or negative. Simplifying, 

or 

The first inequality comes from assuming 4# -1 > 0, since we know (1.27) holds for 

# small. Squaring gives 

and simplifying, 
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Therefore, for J.1. < J.1.c = i we have c > c .... 

The parameter regime for which ~ < " ... is the same. We want J.1. such that 

Squaring and simplifying yields 

VI + 4p. > 4J.1. - 1, 

and squaring again yields (with simplification) 

3> 4J.1.. 

Thus we may write c > c* and ~ < " ... when J.1. < J.1.c = ~. 

When the WTC method is applied to (1.3), the resulting front solution has the 

form 
eA(:r:-ct) 

u= -:-:...,...----
e-'(:r:-ct) + 1 

and the parameters are determined as functions of b. By comparing the asymptotic 

steepness of this special solution with the marginal solution, we find c > c* and ~ < 

" ... when either b < ! or b> 2. In the former case, 

1 c = v'2b + V2b and 
2b 

~ 
1 

= - 2v'b' 

In the latter case, 

c Vi Vb 
- -+ - and 

Vb Vi 
~ 

Vb 
= - Vi' 
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When the WTC method is applied to QCGL, the leading order term is complex. 

The method yields a system of six overdetermined equation analogous to those 

described by Cariello and Tabor for CGL. This work is presented in the second 

chapter, but the solution is given here for comparison: 

A( ) R
' +' t Vexp[X(x - Ct)] 

x t = e''l:l: III • 

, ( ) l+ai 
1 + exp[X(x - Ct)] ~ 

The parameters in this solution are given by choosing ± based on (3 < or > 0, 

and finally 

2 ± \1'4 + /82 

a = 2(3 , 

I(=J~-2(3a-a2, 
2k 1 

0= 1 + 4a2 (2' + ,(3 + a, - 2a(3), 

2X 2 [0 02 _ (3 + 4f.l2)(I(2(r - 2a)2 _ )] = - 3 + 4(32 + fJ (1 + 4a2)2 1-", 

R2 = 2kX, 

4a(3 ~ 
C = 20 + 1 + 4a2 - 4"(1 + (32), 

= k (r - 2a) _ 2 f.l X 
'" 1 + 4a2 fJ, 

v = -2acX + ,R2 - (3(", - 2aX). 

This solution predominates when -" .. < -X, or when 
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The derivation of P.c and of this solution are postponed for the third and second 

chapters respectively. 

Although these last solutions and their regime of dominance appear complicated, 

the analysis is the same in character. In a well-defined range of parameter space, 

the envelope of the WTC solutions have steeper descent and more rapid speed than 

the linear solutions resulting from the stationary phase analysis. The next section 

will discuss how the special front solution with speed c relates to the continuum of 

possible front solutions with maximum speed c .... 

1.4 Allowable Front Speeds 

The purpose of this section is to determine a class of potentially stable front solutions 

in connection with rQCGL. First the structure of solutions to rQCGL are examined 

in a travelling frame of reference. Next some of these solutions are shown to be 

inadmissable because they are unstable when considered as solutions of the PDE 

rQCGL. In the end the class of potentially stable front speeds is the continuum 

[0, c"'] together with the unique front speed c. 
Any front solution to rQCGL moving with speed c must satisfy (1.24), the ODE 

U,u + CUz + P.U + u3 - US = 0, 

with z = x - ct. As z -10 -00, U -10 U~ with U~ the positive root of 

The trajectories in the ODE corresponding to fronts can readily be understood as 

the dynamics of a damped oscillator. Multiplying (1.24) by U z and regrouping gives 

d 
- Cu2 = -E(u). 

z dz (1.28) 
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Total energy is 
1 

E(u) = 2u~ + V(u), (1.29) 

and potential energy is 
p. 1 1 

V(u) = '2u2 + 4u4 
- Bu6. (1.30) 

Equation (1.28) is a statement of conservation of total energy (or lack thereof). The 

function V(u) is graphed for p. > 0 and p. < 0 in figures 1.1 and 1.2 respectively. 

The LHS of (1.28) is a damping or friction term with damping coefficient c. A front 

solution is a trajectory connecting potential energy extrema at u = u" and u = o. 
When p. < 0 the two extrema are maxima and a unique damping value must be 

chosen for the trajectory to start and end at the right place. When p. > 0, zero 

is in a potential well and it is possible to make a front connection for any c > O. 

When c < 2...jii, the solution oscillates about zero. Critical damping occurs for 

c = COl = 2...jii, and larger values of c give overdamped solutions. 

Note that when p. < 0 the only front connection possible is the SH connection. 

Zero is a potential maximum, and therefore (as can be seen below) it is a saddle 

point for p. < O. Hence, when the unstable manifold of u" intersects the stable 

manifold of zero, it is tangential to the strongly attracting eigendirection (in this 

case the only attracting eigendirection). Thus the SH supercritical fronts which 

occur when p. < P.c, the regime in which the WTC solutions are predominant, are a 

continuous deformation of the subcritical front solutions. As p. is increased past the 

critical value, the strongly heteroclinic connection does not cease to exist. Instead 

it is an SH connection to the weakly attracting manifold of zero, and hence does not 

satisfy either c > COl or ..\ .. > i 

Let u = Us + u, and linearize (1.24); the linear behavior of a front at -00 is 
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Figure 1.1: Potential V(u) in the supercritical p. > 0 case. 
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Figure 1.2: Potential V( u) in the subcritical J.L < 0 case. 



governed by 

The corresponding characteristic polynomial 

has roots 
C 

TJ = -- ± 2 

Since !,( u,,) < OJ one root is positive and the other negative for any front speed· c. 

Thus u" is always a saddle point for (1.24), and a front solution follows the unstable 

manifold of US' 

On the other hand, as z -jo 00, U -jo 0 and the linear behavior of a front solution 

is governed by the equation 

Uzz + CUz + J.t = O. 

The corresponding characteristic equation is 

(1.31) 

which has roots 

C 02 

,.\=--± --J.t 2 4 . 

Both roots are negative, so a front solution following the unstable manifold of Us is 

always attracted to zero. Generically, a front trajectory will approach zero tangen

tial to the weaker of the two eigendirections. Thus we may write the asymptotic 

exponential dependence of a front solution's envelope as 

[ 

C ,f92J 
,.\ODE(C) = Real -2" + V"4 - IlJ . 
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The real part has been taken so that when c2 < 4p., >'ODE will give the asymptotic 

decrease of the envelope of the oscillation. 

Already a contadiction seems unavoidable. The closed form front solution with 

speed c from the WTC analysis has asymptotic exponential dependence 

Clearly·.x ::/: >'ODE(C), except when c = 2..(ii. This contradiction can be resolved 

by realizing that (1.24) allows a nongeneric connection between Us and zero along 

the strongly stable eigendirection of zero. Such a connection is strongly heteroclinic 

(SH). A strongly heteroclinic connection occurs when the unstable manifold of u .. 

intersects the strongly attracting eigendirection of zero tangentially. 

When an SH connection is not possible, the phase space of (1.24) varies with c 

at a particular value of p. > P.c according to figure 1.3. When an SH connection does 

exist, the variation of the phase space with c is more complicated, as depicted in 

figure 1.4. Since ~ satisfies (1.31) with speed C, but ~ ::/: >'ODE(C), the special WTC 

solution (1.22) is the non-generic SH connection depicted in figure 1.4. 

A front solution must satisfy not only (1.24) but the PDE rQCGL as well. Let 

u(x - ct) be a front solution to (1.24) with asymptotic dependence 

where >.± are the greater and lesser roots of (1.31) (ie. Real[>'+] = >'oDdc)). The 

constants u± depend on which front solution we have. At a particular location Xo 

in x the PDE gives 
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Figure 1.3: Representative ODE phase spaces when no SH connection is possible. 
The upper graph is overdamped (c > c·), the middle graph is marginal (c = cOo), 
and the lower graph is underdamped (c < c·) and oscillatory. 
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Figure 1.4: Representative ODE phase spaces when the SH connection is possible. 
The upper left graph is the SH WTC front (c = c), the upper right graph is over
damped but approaching zero from the negative side (c- < c < c), the lower left 
graph is marginal and approaching from the negative side of zero (c = c*), and the 
lower right graph is underdamped (c < c*) and oscillatory. 
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where 0':1: = -CA:I:. When (r > 0'+, which occurs when c> c*, the mode exp(A-z) 

grows exponentially faster at a point Xo. Thus the PDE determines that 

[ 

C .El APDE(C) = Real [A-] = Real -2' - V 4" - JlJ 

should be the dominant asymptotic exponential mode in a front solution. 

When AODE(C) =f APDE(C) the asymptotic behaviors dictated by rQCGL and 

(1.24) are not compatible. Therefore stable front solutions can't exist when AODE( c) =f 

ApDE(C), When C2 < 4Jl, AODE(C) = ApDE(C). This defines the continuum of allowed 

front speeds. The exception is the SH front speed C, and since ~ = ApDE(C), the 

set of allowable front speeds is [0, 2ViI] U {c}. From this point of view, we should 

expect tha:t the asymptotic front speed which emerges from this should be the one 

which gives maximal growth rate in time about the unstable state. This growth rate 

satisfies 

c2 
0' = -CApDE = -

4 

when C ~ c*. Thus c* is the speed corresponding to maximum growth rate for a 

front with speed in the continuum of possible speeds. When c > c·, ~ < A· and the 

SH front speed will have the greater pointwise growth rate in time. Numerics in the 

next section demonstrate that the asymptotic front always converges to the front 

with maximum speed, either c· or C. Similar results apply to fronts in equations 

(1.3) and QCGL, where c· and c are determined as in the previous two sections. 

1.5 Convergence of Fronts 

The idea that the continuum of allowable speeds exists below coO instead of above it, 

as suggested by Ben-Jacobs et. al. and van Saarloos, can be illustrated numerica.lly. 
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The continuum of front speeds and the accompanying trajectories of (1.24) seem to 

define an attracting manifold for the PDE rQCGL. Starting with an initial condition 

near this manifold, the solution should evolve to either COl or c by accelerating along 

this manifold. The convergence will probably be algebraic, since the continuum is 

not unstable exponentially. On the other hand, from general initial conditions or 

with initial conditions given by solutions to (1.24) with C > c .. , the solutions could be 

expected to collapse to the attracting continuum of fronts and then evolve along it. 

How the solutions make the jump from the continuum to the SH front when there 

is a separation between the two is a question yet to be resolved. The numerical 

results will answer this question, as well as verify convergence along the continuum 

of fronts (with a caveat). 

Solutions to the full PDE were obtained using a split-step, Fourier differencing 

in space, Runge-Kutta in time method. The accuracy of this method in these kinds 

of problems is documented (see, for example, Bernoff [5], Powell and Bernoff [23]]). 

Solutions to the ODE, which we used as initial conditions, were obtained by using 

a Runge-Kutta method to trace the unstable manifold of the finite amplitude state 

Us' The basic modus operandi is to initialize rQCGL with ODE front solutions of a 

particular speed Co' Since the domain is periodic, the ODE solutions are reflected 

about zero so that the initial condition becomes a lump. The right and left sides of 

this lump look like fronts propagating with speed ±co• 

Figure 1.5 is a series of time slices taken of a solution for It = .81. The initial 

condition is a reflected front solution to the ODE with speed Co = 1.5. In this 

regime, c < COl = 1.8, so that the intial condition is an oscillatory front. At each 
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slice in time diagnose a front speed by taking 

from the PDE. This ratio is evaluated at the first place where the solution u reaches 

some particular value Uo (in these simulations Uo = .05). For each time slice the 

solution is plotted in the phase space (u, u,,), and the results are the curves labeled 

A in figure 1.5. The curve labeled B in the same phase space are ODE solutions to 

(1.24) with speed Clocal diagnosed as above. It is clear from figure 1.5 that the solution 

converges to the maximum speed solution along the manifold of front solutions. 

Figure 1.6 is a plot of the local speeds (labeled A) starting at time zero and ending 

at time 15. Note that in figure 1.6 the convergence of front speeds is from below c*. 

The curve labeled B in figure 1.6 is a plot of 

C* - Co 
v(t) = c* - 1 ' +t 

(1.32) 

included to illustrate that the convergence of speeds is algebraic through the con

tinuum of fronts. As will be discussed in the next section, the local speeds should 

converge to c* more rapidly than (1.32), which is borne out by figure 1.6. 

Figure 1.7 is a plot of local speeds for a solution with initial condition having 

speed Co = 2.5 and It = .81. Note that the local speed collapses rapidly to a speed 

Clocal < c* and then begins to approach the final speed. This indicates that the 

continuum of fronts is in some sense attracting. Figure 1.8 is a plot of several time 

slices of the solution, beginning with the overdamped initial condition, graphed in 

space. 

In the previous two examples, the maximum allowable front speed, c*, is a mem

ber of the continuum of stable speeds. In the next example, It = .64 < ftc = .75. As 
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Figure 1.5: Spatial structure of accelerating fronts, '" = .81 and Co = 1.5 plotted 
in R versus R: phase space. Curve A is the actual front while curve B is an exact 
ODE solution found using Cloca/' Time slices are taken at evenly spaced intervals 
between times 3 and 15. 
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Figure 1.6: Loca.l front speeds for p. = .81 and Co = lo5.The curve labeled A is local 
front speed diagnosed in the tail and the curve labeled B is proportional to inverse 
time. 
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Figure 1.8: Time slices of the solution with J.I. = .81 and Co = 2.5 plotted as functions 
of space. Time slices are 1.33 units apart in time. 
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discussed in section 3, the maximum speed in this regime is c, the SH front speed, 

which is separate from the continuum. A front initialized in the continuum must 

somehow make the jump from the end of the continuum, c .. , to the final speed, c. 
Figure 1.9 is analogous to figure 1.8, with It = .64 and Co = 1. Figure 1.10 is 

a plot of local front speeds (A) compared with (1.32) (curve B). Note that while 

the tail of the front converges to the appropriate form and speed, it does so from 

the negative side and leaves behind an essentially motionless connection between 

±u", the positive and negative stationary states. If we momentarily view u as the 

amplitude of a complex function, this motionless connection between ±u" occasions 

a jump of 7r in the wavenumber, and the fronts are therefore converging by leaving 

behind a wave singularity. 

This unique brand of convergence is necessitated by the attractiveness of the 

front manifold and of the SH solution in particular. An initially oscillatory front 

at time zero looks like figure 1.4. As it accelerates along the manifold of fronts, its 

oscillation about zero slowly unwinds. As the local speed of the solution approaches 

c", the shape of the front approaches figure 1.4. Since It is small in this regime, at 

the marginal speed the attraction of the origin is not powerful enough to keep the 

solution from overshooting zero. Once it has overshot, it must be attracted to zero 

along the degenerate eigendirection from the negative side, as depicted in figure 1 A. 

At this point in its convergence the solution is faced with trouble. The temporal 

dynamics of the tail push it to converge to the SH solution, but from the standpoint 

of spatial ODE dynamics the solution is trapped on the negative side of the strongly 

attracting eigendirection. The strongly stable manifold, which is a continuous de

formation of the degenerate eigendirection at c .. , pushes the solution to the weakly 
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Figure 1.9: Time slices of the solution with Jl. = .64 and Co = .5 plotted as functions 
of space at time intervals of 1.33. Note that the asymptotic form of the front 
converges from the negative side and leaves behind a stationary singularity. 
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stable manifold on the negative side of phase space. This prohibits the solution from 

converging to the strongly stable manifold in the vicinity of zero. To connect to the 

strongly stable manifold on the negative side, the solution is forced to approach the 

inception of the strongly stable manifold. It is therefore driven to approach the 

saddle point -Ua and form a c = 0 heteroclinic connection between Us and -Us' 

Once the zero speed connection is established, the solution can approach zero along 

the strongly stable manifold, forming an SH connection from the negative side. 

This sequence of events is illustrated in figure 1.11. The plot labeled A is a 

time slice of the developing front, plotted in phase space. The curve labeled B is 

the SH connection from -Us to zero, and the curve labeled C is the motionless 

connection between Us and -Us' In converging to the SH connection, the solution 

must leave the vicinity of the stable fronts, but this manifold of solutions still plays 

an organizing role. The actual solution undergoes such contortions because its 

asymptotic behavior is attempting to converge along the manifold of fronts, while 

its topology requires it to pay the price of connecting to -Us first. The tail of the 

front acts continuously; the local speeds depicted in figure 1.10 behave quite nicely, 

regardless of the contortions of the solution. This indicates that the argument about 

maximal growth rates in the previous section is correct. The dynamics of the tail, 

getting pulled in the direction of maximum temporal growth, determine the behavior 

of the rest of the front. 

1.6 Liapunov Argument for Stability 

Once the class of potentially stable front speeds is known, from section 3, we can 

set about determining which of these is preferred by the system rQCGL. This can 
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Figure 1.11: Spatial structure of convergence via singularity, plotted in ODE phase 
space, Curve A is the initial condition, curve B is the WTC solution on the negative 
side and curve C is the zero speed heteroclinic connection between the two nonzero 
fixed points, Time slices occur at time intervals between 4 and 16, read from left to 
right and up to down in this figure, 
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be done using its Liapunov functional, as will be shown in this section. These 

arguments apply to rQCGL, and could easily be written down for (1.3). Similar 

results apply for both equations (1.3) and QCGL. Due to the absence of a Liapunov 

functional in QCGL these arguments don't apply, even though the behavior of fronts 

in this equation obeys the same sort of laws. The Liapunov functional argument 

presented here is to illustrate concretely the idea that the most unstable direction 

leaving zero defines a dominant front. However, this idea has broader relevance than 

the Liapunov functional argument, which is simply fortuitous for illustrating these 

ideas in the context of rQCGL. 

Define the function 

and the functional 

F(u) = 1000 

G(u)dx. 

If U is a solution to rQCGL, then 

Ft(u) - 2 1000 

UxUxt - Ut[/tu + u3 
- u5]dx 

= 2uxutlo - 2 1000 

u~dx. 

If U is a front solution, then as Z -10 -00 the solution u - Us '" exp('I]z) with 'I] > 0 

and determined at the beginning of the previous section. Hence, for a front solution 

as t -10 00 and hence the error made neglecting boundary contributions to Ft become 

small exponentially in time. For fronts, then, write 

(1.33) 

.. 
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For fronts, the size of the integral in (1.33) depends monotonically on e. To 

see this recall the energy formulation of the ODE, (1.28). Integrating this equation 

gives 

-2e [00 u2dx Jo Z 

(1.34) 

Using (1.34), write the time dependence of the functional as 

(1.35) 

G(us ) is a negative constant which is independent of e. 

The most stable front is the front which minimizes Ft. The properties of a 

gradient flow insure that solutions seek local minima of F, but as was already 

shown these minima may be decreasing with time. In this case I suggest that the 

dominant solution is the one which minimizes Ft; of all the possible ways that F 

can grow more negative, the dominant solution chooses the fastest stable one. Let 

ct, ut be the front speed and corresponding front which minimizes Ft among stable 

fronts. Equation (1.35) shows that et must be the maximum front speed from the 

set of allowable front speeds, which was determined in the previous section. Thus 

et is either e'" or c, whichever is greater. 

Let 

U(x, t) = U(x - ett + € J vdt), 

and ask that U satisfies(1.24) when c is replaced by ct - w(t). The dependence of v 

on time is not determined except insofar as it must be positive since et is maximal. 



Taylor expanding Ft in c and t to determine its behavior for U, 

Ft[U] = ctG( u,,) + t (ct ~~ (us) + ev'( t)G( us)) 

+€v( G(u,,) + ct~~ (u,,)) + HOT. 
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(1.36) 

In (1.36), :tG(us) -+ 0 exponentially, and can therefore be neglected. Since G(u,,) 

is independent of c, the partial with respect to c vanishes; and since ct minimizes Ft 

G(u,,)[ct + €(tv'(t) + v) + HOT] = Ft(U) 

> Ft(ut) - ctG(u,,). 

Hence 

G(u,,)(tv' + v) > 0, 

and since G( u,,) < 0 

tv'(t) + vet) < O. 

This shows that vet) -+ 0 faster than 

and therefore an unstable front accelerates through the class of potentially stable 

front solutions, evolving to approach the front ut with speed ct. 

At this'Juncture it is reasonable to ask why this argument doesn't apply to the 

overdamped fronts. Shouldn't (1.35) imply that the greater the speed of a front, 

the greater its stability? In section 1.4 I assert that the overdamped fronts in the 

ODE are exponentially unstable in the PDE, while the oscillatory fronts are at worst 

algebraically unstable. The continuum of nonmonotonic fronts therefore lies at the 

bottom of a valley in function space, and the flow Pt runs down the sides of this 



53 

valley to the manifold of solutions. The analysis presented in this section shows 

that the valley floor is slightly tilted in the direction of maximum speed. Solutions 

on the valley floor approach the maximum nonmonotonic speed, ct = c .. or c. 
The overdamped c > ct fronts are each linearly unstable in the PDE; a small 

perturbation from a solution to (1.24) with c > ct grows exponentially. In function 

space, the overdamped solutions are saddle points of the flow Ft , and therefore can't 

be reached by solutions to the PDE. To illustrate this structure in function space, 

we need to understand the behavior of the functional Ft for perturbations near the 

manifold of fronts. In particular what happens to Ft for perturbations which may 

be parametrized by c, the companion mode in the linear dispersion relation (1.31)? 

Let u(z = x - ct) be a front solution. Asymptotically in the tail 

where 

Here e"-% is the "companion mode" referred to above. Let 

u = u + eH(z - zo)e"-(z-zo) , 

so that the solution u is perturbed by the companion mode in the tail. The pa

rameter Zo is chosen so that the perturbation is in the asymptotic region. The 

perturbation moves at the same speed as the front, so that the functional can be 

evaluated in a travelling frame of reference; 

(1.37) 
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In equation (1.37) (.)* denotes the complex conjugate and the integral is evaluated 

to leading order in e. The analysis is divided into three parts, depending on c> 0, 

c < c* or c* < c < C. 

1) c > c. Here A:!: are real, and hence 

(1.38) 

From the definition of A:!: 

and 

Thus we have 

For the overdamped fronts, adding a perturbation which moves at the same speed 

but has steeper exponential dependence lowers the energy of the front. The prop

erties of the gradient flow dictate that infinitesimal perturbations of this kind force 

'U to move to a lower energy state. Therefore the overdamped fronts are saddles in 

function space. 

2) c < c*. Here A_ = A+, and therefore 

(1.39) 

In this case the companion mode and the tail of the front have the same spatial 

structure; only the phases differ. Perturbing with the same phase as the front is 

equivalent to merely tranlating the front, while perturbing out of phase may change 
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the solution. By translational invariance, the phase of u can be assumed to be 

zeroed when Zo = O. Therefore choose 

(2n - 1)11' 
Zo = , 

It 

with n an integer and It = ImaginarY(A+), to investigate the energy of an out-of

phase perturbation. With Zo chosen as above, (1.39) becomes 

Ft[u = cG(u,,) + 4ec2Real[A+ e'\+ %0] 

- cG( u,,) + 2ec2e-~Real[( -c + ilt)( cos(ItZo) + i sin(ltzo))] 

The energy of the underdamped fronts is lower than the energy of the perturbed 

front, which must therefore decay to the unperturbed front. 

3) c'" < c < c. Here the calculation is the same as the case c > c insofar as 

A:I: are real. The difference is that the asymptotic behavior of u changes signs. As 

we demonstrated in the previous section (see figure 1.12), these fronts are forced to 

converge from the u < 0 side by the topology of the SH connection. Then 

and therefore (1.38) can be rewritten 

This gives 
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This analysis shows that for c < ct the manifold of fronts is attracting. For 

c> ct it is repelling, which vindicates van Saarloos' contention that c = ct (whether 

ct = cor c ... ) corresponds to a front with marginal stability. Since it occurs at the 

boundary between attracting and repelling states on the manifold of front solutions 

to the ODE, ct is marginal. 

I should note that the prediction of algebraic convergence of front speeds from 

below agrees with van Saarloos' more precise estimate of algebraic convergence to 

the linear marginal front speed c .... He also asserts that convergence to the SH front 

speed c should be exponential. While this doesn't exactly pop out of the above 

analysis, it is a reasonable conclusion given the fact that all "fronts" with speed 

c > ct are exponentially unstable to the companion mode in the PDE dispersion 

relation. Algebraic convergence is allowed when fronts are able to converge through 

the manifold of potentially stable front solutions. If we start with a solution to 

the ODE (1.24) with speed not in the continuum of potentially stable speeds, the 

convergence to the maximal speed (either c or c ... ) should be exponential, since these 

solutions break down via the growth of an exponentially unstable mode. 

I have chosen to illustrate the maximum temporal growth principle with the 

Liapunov functional for the equation rQCGL. This principle applies in equations 

like QCGL, even when a Liapunov functional doesn't exist. In time, the fact that 

zero is unstable forces the PDE to asymptotically choose the maximum growth 

mode, which then develops into a front connection. In the frame of reference of 

a front, this corresponds to the steepest asymptotic decrease of the envelope of a 

front. In QCGL fronts speeds converge to the larger of c ... or c because these give 

the maximum departure from zero. The Liapunov functional makes this argument 
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more concrete in the case of rQCGL, but the lack of a Liapullov functional in QCGL 

doesn't change the force of the approach. 

1.7 Van Saarloos' Argument 

Wim van Saarloos [29, 30] exhaustively discussed the front problem for his version 

of the equation rQCGL and heuristically deduced the correct behavior. Since he 

was largely right but without any rigorous support, I would like to summarize his 

arguments in the mathematical framework presented here, and compare and contrast 

the two arguments. 

Any front solution to rQCGL must decrease to zero as x --j. 00, and so the tail 

of the front must obey the linear equation 

(1.40) 

Consider the behavior of a linear mode 

u'" exp[i(w - iO')t + i(k - iA)Z], 

where Z = x - ct and c is the front speed. For this mode to be part of a persistant 

front, it must have zero temporal growth in a frame travelling with speed c. Thus 

0' = O. This gives the dispersion relation 

iw = p, + ic(k - iA) - (k - iA)2. (lAl) 

For w = 0, k = 0 and therefore 

( 1.42) 
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This is the branch (~ real) of asymptotic considered by van Saarloos when he draws 

the c(~) curve in figure 1.12. Every front in this class is nonoscillatory and has 

velocity c ;::: c* = 2VJi. 
For each front with speed c, 

(1.43) 

as x --t 00, with 0 > ~1(C) > ~2(C). Van Saarloos makes the statement [30] that if 

1(1 (c) 1:- 0, the asymptotic form of the front is dominated by the exponential decrease 

~1(C), since the other part of the linear combination decreases exponentially more 

rapidly in z. Thus van Saarloos only considers the branch of figure 1.12 to the left 

of -~ = -I' (marked A in figure 1.12); the portion to the right (labeled B) doesn't 

correspond to an asymptotic approach to zero. Van Saarloos' observation is exactly 

equivalent to the assertion that the front trajectory in the ODE (1.24) generically 

approaches zero along the weakly attracting eigendirection of zero (as illustrated 

in figures 1 and 2). These overdamped (c > c*) solutions, while reasonable in the 

context of the ODE, are not stable solutions to rQCGL. 

If 0' = -c~ is substituted in (1.41), corresponding to the temporal growth of a 

mode ~ viewed in a stationary frame of reference, the dispersion relation for non

oscillatory solutions becomes 

0'=Jt+~2. 

In a stationary frame the time growth of the tail becomes 

(1.44) 

with 



60 

The temporal mode with growth rate 0'2 grows exponentially faster than the 

mode with growth rate 0'1, and thus the overdamped fronts on the left-hand branch 

of figure 1.12 are unstable to the modes on the right-hand branch, which (in general) 

are not front solutions. The branch of fronts van Saarloos considers are unstable 

via the exponential growth of the mode 0'2, and thus are unobservable in the PDE. 

What van Saarloos did not consider was the class of fronts which oscillate as they 

approach zero. This is understandable since oscillatory fronts have been ignored as 

unphysical since the inception of the FK equation, where negative u values were 

equivalent to negative population densities. However, when negative u is allowed in 

rQCGL, or if these results are to extend to complex versions of rQCGL, there is no 

reason not to consider oscillatory solutions. 

For c < c"', (1.41) gives 

A 
C 

- 2 

k - ±~v'4J.t - c2 

W - O. 

With c < c"', zero becomes a spiral node in the ODE and there is no stronger or 

weaker eigendirection. Thus 0'1 and 0'2 in (1.44) are the same and the oscillatory 

fronts are stable in the PDE, or at least they are not unstable to an exponentially 

growing mode. Therefore the continuum of observable fronts in the PDE have speeds 

in (0,2y1l]. 

There is one other potentially stable front. When the SH connection is possible, 

it is non-generic in the ODE. As van Saarloos points out, the SH front with speed 
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chas 

[(l(C) = O. 

Therefore the SH front is not unstable to the mode with growth rate 0'2; it is the 

mode with growth rate 0'2' 

Van Saarloos argues by means of heuristic pictures that the profile with most 

rapid exponential drop off (smallest A < 0) is the most stable front. I agree, and 

would lil<e to cast his shape arguments in the framework presented in this chapter. 

Returning to the functionals F and Ft above, recall 

Evaluate F t for a front solution, the maximal contribution to the integral is from 

the tail. The portion of the integral over which U 4 Us has Ut rv 0 and therefore 

makes negligible contribution. The transition from U = Us to U small occurs overs 

small region, and therefore it is reasonable to write 

'(1.45) 

where 

is the dominant asymptotic behavior of the front with speed c, and Zo is an (arbi

trary) point in the travelling frame where the solution becomes linearly determined. 

The linear dispersion relation for the ODE gives 

and thus the integral (1.45) is dominated by the front with largest A2, or most rapid 

decrease in its exponential envelope. Since 0' = -CA is the temporal growth rate of 
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a front in a stationary frame, Ft is minimized by a frontal solution with maximum 

temporal growth at a point. These observation lend some mathematical structure 

to van Saarloos' intuitive pictoral arguments. 

1.8 Conclusion 

The results about asymptotic front speed presented so far are not new. Regardless 

of mathematical rigor, van Saarloos' rule that maximum asymptotic spatial decrease 

equates to maximum stability is certainly correct. The contribution I've made (up to 

now) is understanding completely why this must be so. It has been asserted math

ematicallyand demonstrated numerically that the continuum of observable fronts 

lies below the marginal speed c .... This is directly opposed to what is suggested by 

the analysis of all previous authors, and the fact that "observable" fronts are really 

observable lends credence to these ideas. To understand the interaction between 

rQCGL and the traveling frame ODE it gives rise to, it must be understood that 

an observable front occurs only when the asymptotic behavior of a solution to the 

PDE and the ODE concur. 

I have also shown that van Saarloos' stability rule is really the Dee and Langer 

argument for asymptotic front speed. That is, the propagating behavior of the most 

unstable mode describes the asymptotic front behavior. The mode with maximum 

growth rate at a stationary point is the mode to which all fronts are unstable; 

the front arising from this mode is the only stable front. Kolmogorov's stationary 

phase argument is a mathematical statement of just this idea. Where Kolmogorov's 

argument fails to choose the asymptotic front, it does so because the asymptotic front 

has speed outside the continuum of possible fronts. Thus the method of steepest 
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descents, which depends on maximization of growth rate via a derivative argument, 

does not apply. 

Using a Liapunov functional, I have shown that the argument about maximum 

growth rates at a point is to some extent rigorous. The fact that there is no Liapunov 

functional for CGL type equations doesn't make the result less valid. Intuitively it is 

clear that the maximum temporal growth rate whose spatial dependence corresponds 

to a trajectory in the ODE must be the stable front. Preliminary numerical results 

for QCGL indicate transition behavior from the WTC to the marginal fronts as 11 

passes the critical value found in section 3. Proof cannot be far behind. 

The last result in this chapter which deserves comment is that WTC fronts are 

stable solutions in what would be the most physical regime of QCGL. Because the 

amplitude of hydrodynamics waves scales algebraically with the change in a stress 

parameter near criticality, an equation like QCGL can only be physically relevant 

in a regime of small 1111. This is precisely where WTC fronts predominate. It is 

suggestive that the special WTC solutions, which are known to have certain analytic 

properties, are also possessed of stability properties in the most physical regime of 

parameters as well as topological properties in phase space. 

In the next chapter, the discussion will digress to a consideration of subcritical 

fronts. In the rQCGL, these fronts were completely uninteresting because there is 

no competition; only one subcritical front is possible since it must connect potential 

maxima. Its form and speed can easily be determined using the WTC method or 

van Saarloos' reduction of order. However, these fronts become more interesting 

in QCGL because the uniqueness persists despite the extra degrees of freedom. It 

would seem that adding the two degrees of freedom by making the equation complex 
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should give at least a one-parameter continuum of subcritical fronts, but this is not 

BO. In the next chapter, it will be shown why this must be the case. The form of 

the unique sub critical fronts will be found using the WTC method. In the process 

of investigating the subcritical fronts, machinery will be developed which will allow 

the discussion of competition between fronts to be continued in the third chapter. 

The character of the results in the third chapter is the same as that of the first 

chapter; the front with the steepest envelope will always win. Showing why is more 

complex, requiring the machinery which will be developed in the next chapter. 
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Chapter 2 

Sub critical Fronts in the Complex Equation 

2.1 Introduction 

With a complete understanding of fronts in the rQCGL under our belt, we turn to 

fronts in the complex amplitude equation QCGL 

At = pA + (1 + i(3)A:r::r: + (1 + h)AIAI2 - AIAI4. 

QCGL is only presented as a model for understanding the effect of subcritical bi

furcation from stability on the propagation of fronts. I have chosen not to include 

a complex coefficient on the quintic nonlinearity for brevity. Including such a term 

only increases the dimension of parameter space needlessly; its only effect on fronts 

seems to be changing the dependence of frequency on amplitude. 

Let z = x - ct, where c is the speed of a front. In this travelling frame of reference 

a front solution can be written 

A(z, t) = r(z, t)ei<l>(z,t). 

The local wavenumber in the travelling frame, 

k = {)¢>, 
{)z 



66 

and the local frequency, 
8rP 

w= 8t' 

are related by 
82 rP 82rP 

kt = 8t8z = 8z8t = Wz• 

Note that w is defined as the negative of what is traditionally defined as the local 

frequency; this way it is easier not to lose track of a minus sign. For a front to have 

persistant shape, its local wavenumber in a frame of reference travelling with the 

front should not depend on time. Hence 

Frequency must therefore be constant in space as well as time independent in the 

frame of the front. Fronts therefore have the form 

A(z, t) = r(z)ei[,p(z)+wt], (2.1) 

with wand rP real. 

Substituting (2.1) into QCGL changes the PDE into a system of ODE, as in the 

previous chapter. In this framework tl,1e PDE front is an heteroclinic connection 

between stationary points in the ODE. One set of fixed states in the ODE are the 

finite amplitude plane waves of the PDE. These are given by 

A = Rei(koz+wt), 

with 

R4 - R2 + k~ - J1. = 0 and 

w = eko + ,R2 - f3k5' (2.2) 
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When (2.2) gives more than one root for R at a particular p, and ko, let R be the 

largest root, as these waves are stable to perturbations in amplitude. 

This chapter is devoted to determining the class of observable fronts in the 

subcritical QCGL and their parametrization. In the real equation, covered in the 

previous chapter, this was relatively simple. An energy formulation for the ODE 

(1.24) showed immediately whether there is a continuum of speeds or only a discrete 

possible speed. When the possibility of non-generic SH connections is factored in, 

the complete structure of observable fronts is known and arguments can be made 

about which front will be preferred by the rQCGL. 

The situation in the complex case is different. As we will see in the next section, 

the phase space of the travelling frame ODE is three dimensional. Zero is no longer 

a simple attracting node; both zero and the finite amplitude states have stable and 

unstable manifolds of varying dimension. The strategy is to determine how often 

these manifolds intersect and whether or not the intersections perturb. While the 

connections can be demonstrated in the case of real coefficients for QCGL, we must 

show that the connections perturb into the complex coefficient case, where it is much 

more difficult to show anything. In fact, for the rest of this chapter we will discuss 

the existence and parameterization of fronts with (3 = "I = 0 in QCGL, and then 

show that these structures perturb when (3, "I =/: O. , 

For the subcritical case (p, < 0) of QCGL this work has been completed by Jones, 

Kapitula and Powell [14). Their arguments will be summarized in section 2.3, where 

it will be demonstrated that there is only a single possible front for the parameter 

range - ?6 < p, < O. It will also be shown that this unique front must be strongly 

heteroclinic. The uniqueness of the front can be understood through the failure of 
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a Melnikov-like integral to converge for supposed solutions near the real solutions 

in the previous chapter. 

In the final section of this chapter, the parametrization of nearly real subcritical 

fronts will be discussed. Unique fronts continue to exist when (3, , =f o. A per

turbation argument in these parameters shows that the real fronts perturb into the 

complex phase space and retain their uniqueness. 

2.2 Phase Space in the Complex Equations 

As was ascertained in the introduction to this chapter, a front may be written in 

the form 

A(z, t) = r(z)eiwt+iJ" kd'. (2.3) 

Inserting (2.3) into QCGL and collecting real and imaginary terms, we can write 

QCGL as a system of three first order ODE. Inserting (2.3) into QCGL gives 

(1 + i(3)[r" - k2r + 2ikr' + ik'rJ + cr' + [~- i(w - ck)Jr + (1 + h)r3 - r5 = O. (2.4) 

Taking real and imaginary parts gives two intermediate equations which will be used 

later: 

r" + cr' - 2{3kr' - {3k'r + r3 - r5 = OJ 

k'r + 2kr' + {3r" - {3k2r + ,r3 - (w - ck)r - O. 

(2.5) 

(2.6) 

These two equations can be reorganized to give a system of first order equations: 

r = s, 

(1 + (32)s = [{3w - ~ - {3ck + (1 + (32)k2Jr - cs - (1 + {3,)r3 + r5 , 

(1 + (32)k = [{3c - 2(1 + (32)kJ:: + ~{3 + w - ck + ({3 -,)r2 - {3r". 
r 

(2.7) 
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Here () denotes 1;( ). It is convenient to make a change of variable z = (1 + f32)r, 

and with 0' = frO (2.7) becomes 

r' = (1 + 132)8, (2.8) 

8' = [f3w - J.t - f3ck + (1 + f32)k2]r - cs - (1 + f3,)r 3 + r5, 

8 
k' - [f3c - 2(1 + f32)k]- + J.tf3 + w - ck + (13 - ,)r2 - f3r". 

r 

Note that (2.8) has a singularity at r = 0, which is troublesome since we're 

seeking solutions which satisfy r ~ 0 as r ~ 00. The singularity may be removed 

via the O'-process, as used by Arndld[2]], Landman[17]], Kopell and Howard[16]]. 

The idea is to "blow up" zero with a tranformation of dependent variables 

8 
u= -. 

r 

Under (2.9), equations (2.8) become 

r' - (1 + /32)ru, 

u' = (3w - J.t - (3ck - cf3 + (1 + f32)(k2 - u2) - (1 + (3,)r2 + r", 

k' - [(3c - 2(1 + (32)k]u + J.t(3 + w - ck + ((3 - ,)r2 - f3r". 

(2.9) 

(2.10) 

In (2.10), r = 0 is now an invariant plane, so that the tranformation (2.9) has 

changed a singular point into a singular plane. Another way to view this tranforma

tion is that u is the local exponential growth rate, just as k is the local wavenumber. 

We can recast (2.3) as 

(2.11) 

for persistant front solutions. 
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A front is a trajectory r, u, k in (2.10) which satisfies (r, u, k) -t (R, 0, ko) as 

T -t -00, with R, ko, wand e satisfying (2.2). At the other end of the front 

trajectory, r -t 0 as T -t 00 and u, k must stay finite. As r -t 0, the behavior of the 

trajectory is determined by the behavior of the flow on the invariant r = 0 manifold. 

In the rest of this section we will take f3 = I = 0 and investigate the structure of 

phase space in this limit, beginning with the flow on r = O. 

For given parameters wand e, there are exactly two fixed points in the r = 0 

plane. They are given by solving the RHS of (2.10) with r = 0 

w - ek - 2ku. (2.12) 

From (2.2) w = eko, with ko the asymptotic wave number at -00. Let uoo , koo 

denote the stationary states at 00. Then 

k _ eko 
00 - c + 2uoo 

(2.13) 

The fixed points are given by the coincidence of the two hyperbolas (2.12) and 

(2.13). These are graphed as curves A and B respectively in figures 2.1 and 2.2. 

When J1. < 0, the major axis of (2.12), curve A, is parallel to the u axis (figure 2.1). 

When J1. > 0, the major axis of (2.12) is rotated ~, as depicted in figure 2.2. In 

either case there are never more nor less than two fixed points. 

In the subcritical case, only one of these fixed points can correspond to asymp-

totic front behavior. Since r. -;. G ac; T -t 00, U = ; -t U oo < O. From figure 2.1 it 

is clear that when J1. < 0 only one of the two possibilities satisfies Uoo < O. On the 

other hand, when J1. > 0 and e large enough, it is possible for both fixed points to 

have U oo < O. Note that U oo = -~ is the vertical asymptote of hyperbola B in both 
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Figure 2.1: Fixed points in the invariant r = 0 plane when p. < O. Fixed points 
occur at the intersection of hyperbolas A and B. u = - ~ is the vertical asymptote 
of hyperbola B. 
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figure 2.1 and 2.2. by adjusting c it is possible to adjust uoo , koo, and by making c 

large enough it is possible to create two asymptotic possibilities when p. > O. Since 

these correspond to asymptotic possibilities for trajectories in an ODE, when both 

fixed points have Uoo < 0 the trajectory will generically choose the less negative. 

For the moment denote the two fixed points in r = 0 as Ud:, kd:' with U+ > u_. 

Linearizing the flow in r = 0 about these fixed points, local behavior is determined 

by 

v' - ( - 2ud: 2kd: ) V 
- -2kd: -2ud: - c 

(2.14) 

where v is the (scaled) perturbation in the r = 0 plane. The characteristic equation 

for (2.14) is 

The roots for the characteristic equation are 

(2.15) 

where (2.12) has been used to simplify (2.15). From examining the asymptotes in 

figures 2.1 and 2.2, 
c 

u <--- 2' 

and hence Real[>'] > 0 for u_. In the r = 0 plane, (u_, k_) is a source, and by the 

same argument (u+, k+) is a sink. 

This has direct consequences for subcritical fronts, as we will discuss more com-

pletely in the next section. When p. < 0, a front moving at speed c with frequency w 

has no choice but to connect to u_, since u+ > O. In the r = 0 plane, u_ is a source 

and therefore the front's behavior is not only asymptoi;ically tangential to u_, k_i 

it is precisely u_, k_. In other words, every subcritical front must be an SH front 
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as it approaches zero. Depending on its freedom of choice in leaving the plane wave 

states, which we will discuss next, it will or will not be an SH front. 

On the other hand, when p. > 0 a front is no longer constrained to approach the 

SH saddle point u_, k_j it can easily be attracted to u+, k+. When u+ < 0, (u+, k+) 

is a sink in both r = 0 and the three dimensional phase space in general, and so 

a front trajectory can hardly miss. In this region an SH front must therefore be a 

special occurence, which is the conclusion we arrived at in the first chapter. 

To complete the analysis of phase space, we must examine the stability of the 

plane wave states. This is more convenient in the system (2.8) than in the system 

with the singularity at zero expanded. Let ko, R denote a plane wave state, a 

solution to (2.2) with {3 = I = O. Perturbing (2.8) about the finite amplitude state 

and keeping linear terms gives the system 

ii' = ( -2R'(~ - 2R2) 
1 

-cR 
- 2ko 

where v is the (scaled) perturbation. This system has characteristic equation 

S3 + AS2 + Bs + C = o. 

Constants are given by: 

A = 2cR, 

B = R2[C2 + 4k5 + 2R2(1 - 2R2)], and 

C = 2cR5(1 - 2R2). 

R was chosen to lie on the upper branch of (2.2). This gives 

R2 1 >-
2 

(2.16) 

, 
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and hence C < 0, provided c > O. Here we will always assume c > 0; in the next 

section we will discuss when c < O. Since C > 0, (2.16) always has at least one 

positive root. To determine how many positive roots we can examine the derivative 

of (2.16), 

382 + 28A + B = 0, 

which has roots 

8 = ~ [-2A ± v'4A2 -12BJ . 

When A > 0 (c > 0) and 3B < A2, (2.16) has extrema, one for positive 8 and one 

for negative. In this case there can be only one positive root, since the maximum 

and the minimum must be located to the left and right of 8 = 0 respectively. When 

3B > A2 there are no extrema and again there is only one root with positive real 

part. The condition 3B < A2 is equivalent to 

which is clearly satisfied for Ikol small enough. Thus there is always a band of finite 

amplitude wavenumbers about ko = 0 which have a single unstable direction in the 

ODE phase space. 

From these results we can already infer some things about the dependence of 

fronts in the QCGL. When J.t < 0 all fronts must be SH connections, because the 

unstable manifold of the plane wave states is one dimensional, as is the attracting 

manifold of zero. Getting these two one dimensional manifolds to intersect in a 

three dimensional phase space will probably place severe restrictions on c and ko. 

When J.t > 0 front connections are much easier to make at any speed because the 

generic attracting manifold of zero is now three dimensional. In succeeding sections 
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I will discuss just how restricted the subcritical fronts are, and how easy it is to 

form supercritical fronts. 

2.3 Existence of Fronts for Real Coefficients 

The work of Jones, Kapitula and Powell [14] discusses the restrictions ft < 0 places 

on the existence of fronts. In particular, they show that for -l~ < ft < 0 only one 

persistent front of small wavenumber exists for small f3 and /. I will summarize their 

argument here for completeness. However, I will illustrate and support their results 

in a way more in tune with the style of analysis presented in this dissertation. 

From the previous section we know that any finite amplitude state R, ko with Ikol 

small has a one dimensional unstable manifold when c is positive. From the energy 

argument in the first chapter, c > 0 when ft > -l~' Also from the previous section, 

the asymptotic behavior as z --I- 00 is dictated in terms of c, R, ko through the 

parameter w. This is the force of the conditions (2.12) and (2.13). The development 

of front trajectories forward (in z) from R, ko and backward from uoo , koo is dictated 

by the system (2.10). 

Jones et. al. bisect phase space with a plane r = 1', 1'2 - ~ > 0, l' < Rand 

append the equations 

c = 0 and 

to the system (2.10). For each choice of c and w, the unstable manifold of R, ko 

intersects r = l' in precisely one point, U( c, w). The stable manifold of 1too , koo has a 
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unique preimage in r = r, S(c,w). As c and w vary, U and S trace curves in r = r, 

U(w) = UU(c,w) and 
c 

S(w) = U S(c,w). 
c 

By means of the variational equations and exterior products, Jones et. al. show 

that fJ and S intersect transversely when w = 0 (k = 0) for f3 = I = O. If w is 

not appended to the system (2.10), Sand fJ need not intersect at all. Since c and 

w must therefore be allowed to vary independently, the intersection is unique in c 

and w, allowing only one front to exist. The rest of their result follows from the 

persistence of transverse intersection. 

On the other hand, when p. < -136 the unstable manifold of R, ko is two dimen

sional because c < O. In this case w doesn't have to be appended to (2.10) and 

the transverse intersection occurs in c alone. Hence, in this parameter regime Jones 

et. al. show that a continuum of fronts exist. However, all of these fronts have 

c < 0, and therefore the finite amplitude state R, ko collapses and does not expand. 

From a physical standpoint, these sub critical fronts are uninteresting because they 

correspond to the eventual dominance of the laminar state, which is stable in any 

event. 

For the purposes of this dissertation I will begin an investigation of subcritical 

fronts by introducing an energy formulation for the complex system of ODE. In 

the subcritical regime, this will show that trajectories are bounded, and in the 

supercritical regime will actually allow proof that a continuum of front solutions 

exists. If we write 

A(x, t) = B(z)eiwt , 
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QCGL with real coefficients becomes 

(2.17) 

Multiplying equation (2.17) by B; and adding the complex conjugate equation gives 

(2.18) 

Recall 

with r(z) real and u(z) = ~. For f3 = "y = 0 this results in the equations (from 

(2.10)) 

r' = ru, 

u' - - J1. + k2 - u2 - r2 + r4, (2.19) 

k' - w - ck - 2ku. 

From this tranformation of B, 

iw(AA; - A*Az) = iw[r(r' - ikr) - r(r' + ikr)] 

- 2wkr2 

= 2cko.kr2, 

using (2.2) to determine w. We may therefore rewrite (2.18) as 

(2.20) 
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where we have evaluated the LHS of (2.18) in terms of r, k and u. V(IB/) is the 

same potential function as in the previous chapter: 

If the LHS of (2.20) is always nonpositive, (2.20) is a statement of damping 

the total energy of a trajectory, which can be used to assert the boundedness of 

trajectories. Recall the third equation of (2.19), 

k' = c(ko - k) - 2ku. (2.21) 

For a front with monotonic envelope, u ~ O. Thus, for k f'V ko, k' is of the same 

sign as ko, and hence ko - k is of opposite sign while Iko - kl is increasing. In fact 

k' must stay the same sign as ko until it reaches the fixed point koo discussed in 

the previous section, with Ikool > Ikol. Thus ko - k must be of opposite sign from 

ko throughout the front trajectory. This shows the LHS of (2.20) to be nonpositive 

when c is positive, and therefore (2.20) can be viewed as a statement about the 

monotone decrease of the energy on the RHS of (2.20). 

The structure of the energy on the RHS of (2.20) can have three distinct forms 

depending on the stress parameter p.. Let R6 satisfy 

and require it to be the largest positive root. R6 is the amplitude of the zero

wavenumber finite amplitude state. As we saw in the previous chapter, Rs is the 

amplitude of a potential maximum for the real equation. In the complex case, Rs lies 

on the saddle of a potential ridge; the structure of V is parabolic in IB.::I and therefore 

the potential ridge occurs at constant amplitude Rs. Due to (2.2), increasing the 
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wave number of a plane wave state decreases its amplitude, and therefore all of the 

plane wave states lie on the inside slope of the potential ridge, to the left of Rs. 

Figures 2.3 and 2.4 are contour plots of this potential in the first quadrant. By 

comparing potential maxima, it is easy to see that the potential energy of the state 

IBI = Rs is the same as the potential energy of zero when J.L = -136' Equal energy 

contours for - ~ < J.L < - 136 are plotted in figure 2.3. Since the finite amplitude 

state has lower energy than zero, c < a and trajectories must move uphill on the 

potential, or to regions of increasing energy. Because zero lies on an energy saddle, 

the trajectories are focused toward zero. Front trajectories in the J.L < -136 parameter 

regime should be easier to make, which is precisely the result of Jones, Kapitula and 

Powell. 

Figure 2.4 depicts equal energy contours for -136 < J.L < O. In this regime Rs 

still lies on a potential ridge, but has higher potential energy than zero. Hence 

c > a and trajectories are constrained to move downhill. A trajectory beginning at 

a finite amplitude plane wave lies to the right of the potential ridge at IBI = Rs , 

and therefore no trajectory can become unbounded. This does not necessarily mean 

that every trajectory will approach zero. Zero still lies at an energy saddle, but 

now that trajectories must decrease in energy this saddle serves to focus trajectories 

away from zero. Intuitively, connections should be difficult to make in this regime 

even though trajectories are bounded. Again, this is precisely the analytic result 

presented in Jones, Kapitula and Powell. 

Note that we can also see a continuum of zero-speed trajectories based on the 

energy formulation. Allowing for nonzero wavenumber, there is a continuum of zero

energy plane waves with wavenumber satisfying p- k2 = -136' Since these plane 
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waves have the same free energy as the zero state, any connection between these 

states must have zero speed. This defines a band of wavenumbers which must grow 

into the laminar region if they can be connected to zero, since the plane waves with 

p, - k5 > -1~ must have positive speed based on energy considerations. Outside 

of this band are plane waves which will not be observable for very long in physical 

circumstances. Since any connection between these plane waves and zero must have 

negative speed, a localized blob of a plane wave with wavenumber p, - k5 < -136 will 

be pinched off. 

In the next chapter, focusing on the p, > 0 regime, zero becomes a potential 

minimum. In this regime, arguments similar to those above will actually prove that 

front trajectories exist in a continuum of parameter values. I defer discussion of the 

supercritical fronts to the next chapter, while here focusing on quantifying what it 

means to say that front trajectories are "difficult to make" in most of the subcritical 

regime. 

2.4 Perturbing to Find Nearly Real Fronts 

For the moment let's turn our attention to arguments about the ease or difficulty 

of forming front connections. The strategy is to see if a known solution can be 

perturbed to yield other fronts for nearby parameters. In a Melnikov sense, whether 

or not these perturbations can be done defines whether or not other fronts exist 

near the known subcritical fronts. 

The first thing to show is that front connections arc unique in the QCGL when 

f3 = I = O. For the subcritical real version of this e1uation, we know from the 

previous chapter that for each p, there is a unique speed, Co, which allows a front 
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solution. Let I(z) be a real front solution; 

In + colz + p.1 + 13 - /5 = 0, 

lim I = R I" z--oo 

lim I - 0, and z-oo 
lim Iz = A < O. z-oo I 

Note that A = Uoo from the previous section when koo = O. Introduce the perturba

tion ansatz 

k - fTJ, 

TJ ~ 
ko 

k_oo = - as z ~ -00, 
f 

C - Co + f2 C1 , 

w - cok_oo + f2 c1 k_00 , 

z - x - ct, and 

r(z) = I(z) + f2g(Z). 

We may write (2.19) as a system in rand k: 

r" + cr' + p.r + r3 - k2r - r5 = 0 and (2.22) 

(w - ck)r = k'r + 2kr'. 

At leading order in f the first equation is satisfied. This occurs because 9f quadratic 

dependence on the wave number, which is why this form was chosen for the pertur

bations. The second equation at order f becomes 

{w - coTJ)1 = fTJ' + 2TJf', 



or 

d", = w _ ",[co + 2/ ') = w - ",~[coz + In(J2)). 
dz 1 dz 

Equation (2.23) has solutions 

The solution converges as z ~ -00, 

lim '" = lim e-CO % r ecoCwdC 
%-->-00 %-->-00 i-oo 

since 1 ~ Ra. Therefore 

provided Co > 0, or p. > -l~' As z ~ 00, 

. f~ 12( C)ecoCdC 
lim '" = w 11m --.-;:oo~..,...,...-:-__ _ 

%-->00 %-->00 12(z)ecO% 
. 12 (z)eCo % 

= w 11m ---:--...;....,"-----,~ 
%-->00 eCO %( coJ2 + 211') 

= w lim I2(z) 
%-+00 (co + 2A)J2(Z) 
w 

= 
Co + 2A' 

where we have used L'Hospital's rule. 
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(2.23) 

(2.24) 

(2.25) 

All seems well at first glance, but the asymptotic wavenumber dictated by (2.25) 

is not allowable and therefore the front connection doesn't perturb. To see this we 

must return to the first order system (2.22). Besides the invariant r = 0 manifold, 

k = 0 is also an invariant manifold (since k = 0 necessitates w = 0). When ko = 0, 

k'lk=O = cko, and hence the flow in the vicinity of k = 0 is always directed in the 

direction of ko. This means· that a trajectory may never cross the k = 0 plane. 
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However, in the previous section we determined 

which implies that the denominator of (2.25) is negative. Hence the sign of the 

asymptotic wavenumber given by (2.24) has sign opposite from ko. Since the tra

jectory can not cross k = 0 this is an impossibility. Thus, for -136 < f.t < 0 the 

real fronts in the previous section are the only fronts; nearly real fronts do not exist 

nearby. 

2.5 Perturbing the Equations 

We have shown that the subcritical fronts don't perturb within the context of the 

equation. That is, when (3 = , = 0 and f.t < 0 there is a unique front between the 

finite amplitude states and zero; there are no nearby fronts in (3 = , = O. It is the 

purpose of this section to show that the uniqueness of the subcritical fronts persists 

when the equation is perturbed in (3 and ,. 

Recall equations (2.5) and (2.6); 

r" + cr' - 2(3kr' - (3k'r + r3 - r5 = 0 and 

k'r + 2kr' + (3r" - (3k2r + ,r3 - (w - ck)r - O. 

Introduce the perturbation ansatz 

r = f + e2g, (2.26) 

k = e7], 

c = CO+ e2cl' 

w - e(cok_oo + e2c1k_oo + 'lR~ - f.3(31k?:..oo), 
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f3 - e.f31, and 

Boundary conditions are required; 

k = e.TJ -+ e.k_oo as z -+ -00, 

and I satisfies 

I" + col' + fl.1 + 13 
- J5 = o. 

The amplitude and speed scale with e.2 because these quantities are related quadrat

ically. to k near ko = O. The parameters f3 and 'Yare scaled linearly in € because 

they break the quadratic symmetry in k. 

Introduce the perturbations (2.26) into (2.5) and (2.6). At order €, (2.5) is 

satisfied identically, whereas (2.6) becomes 

TJ' + 2TJI + f3t/" + C'Yt/3 - (w + coTJ)f = 0, 

or 
I" d 

TJ' = w - f317 - 'YI12 - TJ dz [coz + In(J2)]. (2.27) 

Equation (2.27) may be integrated directly; 

(2.28) 

In the limit z -+ -00, i" = 0 and (2.28) becomes 

as it should. As z -+ 00, f -+ A = Uoo and f.TJ -+ €TJoo = koo , where Uoo and koo were 

determined by analyzing the invariant r = 0 plane of the phase space. Evaluating 
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(2.28) in this limit, 

. . eCO % f2[W - f31t!.!. - Id2] 
hm 'T/ = hm J 

%_00 %_00 eCo%[2J JI + cof2] 

by L'Hospital's rule. Therefore 

w - f3A2 cok_oo + I1R~ - f31A2 
'T/oo = Co + 2A = Co + 2A . (2.29) 

Evaluating (2.10) on r = 0 according to the perturbation ansatz (2.26), satisfying 

(2.10) at leading order gives the restriction 

(2.30) 

Together (2.29) and (2.30) define 'T/oo, koo in terms of f3l! 11 and known quantities. 

Perturbing in f3 and I does not destroy the unique subcritical front; but it does 

change the front in a unique way. Once f3 and I are chosen, there is a unique front 

connecting a plane wave state to zero. 

2.6 Finding the Subcritical Fronts 

In the first chapter, it was shown that a Weiss-Tabor-Carnevale method can be 

used to find the unique, subcritical, SH fronts. In this section we will show that 

following Cariello and Tabor [9]], this method can be applied to QCGL. The WTC 

method yields a front for all parameter regimes, and since we have shown that there 

is only one front subcritically, it must be given by the WTC solution. In the final 

subsection of this section we will show that the SH front is a solution to a special 

first order complex ODE, reminiscent of the van Saarloos reduction of order. Since 

this section is simply going through the technical details of the WTC analysis and 

rephrasing this work in terms of reduction of order, this section can be omitted by 

anyone who secretly believes it already. 
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2.6.1 WTC Method for Complex Fronts 

We begin with the QCGL 

At = JtA + (1 + i(3)A:c:c + (1 + i-y)AIAI2 - AIAI4, 

and its complex conjugate 

Bt = JtB + (1 - i(3)Ba;a; + (1 - i-y)BIBI2 - (1 - i8)BIBI4. 

For convenience write A* = B. The WTC method requires a calculation of the 

leading balance in the equation. The dependent variables are rewritten 

Here ,p is the singular manifold in the Painleve expansion and e and 8 are the (com

plex) leading orders of the terms in the Painleve expansion for the two equations . 

. As ,p grows large, the highest order derivatives should balance the highest order 

nonlinearities, which gives a system of asymptotic balances: 

(1 + i(3)Aa;:c '" A3 B2 and 

(1- i(3)B:c:c '" B3A2. 

Substituting (2.31) into QCGL and its complex conjugate yields 

e(e - 1)(1 + i(3),p,-2 '" a2b2,p3!+25and 

8(8 - 1)(1 - i(3),p5-2 '" a2b2,p35+2'. 

(2.31) 

(2.32) 

Since the singular manifold ,p has grown large, the algebraic exponents in (2.32) 

must equate for the balances to make sense. In both cases this gives the condition 

e+8= -1, 
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and the fact that A and B are complex conjugates gives 

1: 1. e=u*=---za 
2 

as the form of the leading order exponent. Substituting into (2.32) gives 

(1 + i(3)e(e -1)¢; = a2b2 = (1 - i(3)o(8 - 1)¢;. 

Cancelling similar terms and equating real and imaginary parts gives two equations 

3 - 4a2 - Sa(3 = 3 - 4a2 - Sa(3 and 

(3 - 4a2 )(3 = -Sa. 

The real part of these equations is satisfied identically, while solving the complex 

part for alpha gives 

(2.33) 

Thus we have determined the leading order in the Painleve expansion. 

Following Cariello and Tabor [9]], we will attempt to find a solution using a 

Painleve expansion truncated at leading order. This amounts to a change of depen

dent variable 

(2.34) 

Here a, b are complex, and ¢ is real. Substituting (2.34) into QCGL and its conju

gate, collecting terms of equal order in ¢ yields a system of six coupled equations: 

a2b2 = (1 + i(3)(~ + ia)(~ + ia)¢;, 

a2b2 = (1- i(3)(~ - ia)(~ - ia)¢;, 

(2.35) 

(2.36) 



rPt - (1 + i,8) [2 a:r rP:r + rP:r:r] - ; : ~I ab, 
a 2' zo' 

( .) [ b:r ] 1 - if b rPt - 1 - z,8 2-b rP:r + rP:r:r - 1 • a , 
2' - zo' 

bt = p.b + (1 - i,8)b:r:r. 
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(2.37) 

(2.38) 

(2.39) 

(2.40) 

From one perspective, the constraints which make this overdetermined system solve

able are the constraints which determine the uniqueness of the SH solution. 

With a chosen according to the leading order calculation, the imaginary parts 

of (2.35) and (2.36) vanish. This leaves the equation 

a2b2 = Real [(1 + i,8)( ~ + iO')( ~ + iO')] rP; 

with 

From the choice of a, 

so that 

= J()'2 
If' :r' 

3 
J( = - - 0'2 - 20',8. 

4 

3 a 
- -0'2 = -2-
4 ,8' 

J( = -20' (,8 + ~ ) . 

(2.41 ) 

By choosing a > 0 when ,8 < 0 or a < 0 when ,8 > 0 in (2.33), we can always insure 

I( > 0 so that (2.41) makes sense. 
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Equations (2.37) and (2.38) can be simplified using (2.41). First multiply (2.38) 

by 1 - i(3, add the complex conjugate equation, and average. This gives 

, [( aa: ba:] ] Real [(1 + i-y)(1 - i(3)(! - ia)] 
~t = (1 + (32) 2- + -b ~a: + ~a:a: - 1 + 2 abo 

a 4' a 

The terms ~ and a2 can be eliminated using (2.41). Deriving (2.41) with respect 

to x gives 

ab( a:r:b + b:ca) = J( ~:r:~:r::r:, 

and dividing this by (2.41) gives 

aa: ba: ~a:a: -+-=-. 
a b ~:r: 

Folding this into the above equation gives 

or 

with 

,I. = 2(1 (32),1. _ 2 + 2,(3 + 4a, - 4a(3 b 
'fJt + 'fJ:r::r: , 1 + 4a2 a , 

c = VJ{2 + 2,(3 + 4a,- 4a(3 
1 1 + 4a2 . 

(2.42) 

Already it is clear that the original nonlinear system is secretly a set of lin

ear equations coupled by one algebraic nonlinearity, (2.41). Equation(2.42) can be 

used to remove the temporal variation from (2.37) and the conjugate equation by 

eliminating ~t! 

(1 + (32)~a::r: ± Cl~a: = (1 + i(3) [2~~:r: + ~a:a:] - ~: ~:: abo 

Using (2.41) and simplifying 

2dd In a = (1 - 2i(3) dd In ~a: ± 2i,X, 
x x 



with 

,\ = VK(2a - ,). 
1 +4a 

Finally, this gives the spatial form of the solution for a and b, 

a = l(t)cP!-i{Je±i>.:c and 

b = g( t) cP !+i{J eTi,\:c. 
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We can use these additional equations for a and b to change equations (2.39) 

and (2.40) into equations for the variation of cP. First substitute a and b into these 

earlier equations to get 

It + (~ _ i(3) cP:ct = J1. + 
I 2 cP:c 

(1 + i(3),\2 + (~ - i(3) 1 ;:c
if3 

[±2i'\cP:c:c + cP:c:c:c - (~+ if3 ) ~~] (2.43) 

and the complex conjugate of (2.43). Adding (2.43) to its complex conjugate and 

noting that 

yields 

Let 

(2.44) 

and use (2.42) to eliminate the time variation in the previous equation. Then 

This gives for the exponential spatial variation of cP 
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To determine the temporal dependence of r/>, substitute (2.44) into (2.42) to attain 

which implies k2 is a constant. The undetermined variable kl (t) satisfies 

with kt on the LHS now a constant. 

What remains is to determine the independent temporal variation of a through 

the function f. From (2.43) 

in = ~ - p - (1 + i,8»,2 - (} - i,8) [2G2(1 + ,82) ± OtG] 

= +(1 + i,8) (} - i,8) [±2iGA + (~- i,8) G2] , 

whence 

n = G2,8 (,82 +~) -G [,80t + 2A (} + ,82)] - ,8A2. (2.46) 

Finally, from (2.41) 

fg = v'J{, 

and therefore 

This gives for a 

while for r/> 
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Returning now to (2.34) we have a front solution 

4'K[G ]~-i.l1 (~-i.l1)( GX+[2G2(1+.l12)-C1G]t) 
V J\ C4 e ei(Ot-,\x) 

[C3 + c4eGX+[2G2(1+.l12)-C1G]t] hiot • 

Using translational invariance to eliminate or simplify the undetermined constants 

gives the form of the nonlinear front solution referred to in the first chapter j 

A( ) R
' +' t Jexp[~(x - Ct)] "" t - e"/X III _~_~~_-....,;...;~-..,. w, - 1+ " 

(1+exp[~(x-Ct)])!f otl 

The parameters in this solution are given by choosing ± based on f3 < or > 0, 

and finally 

2 ± \1'4 + /82 

a = 2f3 

j( = J~-2f3a-a2, 

2K 1 
0= 1 + 4a2 (2' + ,f3 + a, - 2a(3), 

2~ 2 [a 02 _ (3 + 4(32)(K2(f - 2a)2 - 1-")] 
=-3+4f32 + (1+4a2)2' 

R2 = k~, 

4cr.f3 -
c = 20 + 1 + 4a2 - ..\(1 + (32), 

[((, - 2a) -
Tl = 1 + 4a2 - f3..\, 

II = -2ac~ + ,R2 - f3(Tl - a~). 
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2.6.2 The Reduction of Order Hypothesis 

The nonlinear solution for the real equation (1.6) was originally found by van Saar

loos [30], who used a reduction of order. His hypothesis was that if the connection 

was strongly heteroclinic, that is if it came and went from critical points precisely 

along an eigendirection as opposed to merely being asymptotic to an eigendirection, 

then the connection should be the solution of a lower order ODE. Writing down can

didate first order equations yields the reduced order equation of chapter 1, section 

4. It was shown in that section that imbedded in the WTC method was the same 

simple, first order ODE which gives SH solutions. 

In the complex case, the same phenomenon occurs. As will be shown presently, 

the overdetermined set of WTC equations yields a first order" nonlinear ODE whose 

solution is the SH connection found above. As was shown earlier, any persistent 

front solution A = eiwtB(z) satisfies the second order complex ODE (2.17). The 

reduction of order hypothesis is that the SH front satisfies not only (2.17) but also 

a first order complex ODE 

(2.47) 

The form of (2.47) follows from the symmetries of the equation (2.17) and ends at 

third order because fifth order and higher terms don't allow (2.47) to satisfy the 

second order ODE (2.17). 

Using the WTC leading order to make a change of dependent variables 

substituting into (2.47) and equating terms of comparable order in if> gives a system 



of equations 

az = (al + ibl)a and 

-(a2+ib2)ab = (~+ia)<pz. 
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(2.48) 

(2.49) 

Here b is a* as before, and what needs to be shown is that the system of equations 

(2.48) and (2.49) is equivalent to the overdetermined WTC system written in some 

travelling frame of reference. The WTC equations are 

ab - -l( <Pol' (2.50) 

-c<Pz = (1 + i,B) [2az<pz + <Pzz] - ~ + ~"Y ab, and (2.51) 
a 2' + za 

-caz - (1 + i,B)azz + J.t - iw. (2.52) 

In (2.50) through (2.52) we must pretend, for the moment, that c and ware unknown; 

showing that these constants are specifically determined by the SH hypothesis (2.47) 

is precisely the aim. 

Taking (1 + i,B)fz of equation (2.48) and subtracting ::+:6
1 

of the same equation 

gives 

Comparing this with (2.52) gives 

(2.53) 

Note that this is precisely the linear dispersion relation for the complex equation, 

written in a travelling frame of reference. Since the front must satisfy (2.48), the 

solution for a must be unimodal; that is, only one of the two roots of (2.53) as 

opposed to a linear combination. This shows that til(; front solution found using 

(2.47) must be strongly heteroclinic. 
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Comparing (2.50) with (2.49) gives immediately the condition 

. 1 + 2ia 
a2 + 2b2 = z 

J( 
(2.54) 

Since a and b are simple exponential functions, (2.54) is equivalent to fixing the finite 

amplitude state behind the front in terms of the asymptotic exponential dependence 

at 00. This satisfies a second of the three WTC equations written in a travelling 

frame of reference. 

Taking the product of the LHS and RHS of (2.48) and (2.49) and multiplying 

Multiplying equation (2.49) by - a;~ia yields 

a2 + ib2 
-crPz == 2c 1 2' ab, + 2a 

while deriving (2.49) and using (2.48) reveals 

Adding these three intermediate equations together and comparing them to (2.51) 

provides (after some simplification) a third consistency condition on the constants 

in (2.47): 

2/ + ;~ (at + ibt )2 + [2I( 1 + i7 + 1 + i.B] (at + ib1) - f.L + iw = O. (2.55) + 2a 1 + 22a 

The conditions (2.53) through (2.55) are overdetermined for the constants of 

(2.48) and (2.49), and for a given c and w will not generically have a solution. 

However, recall that c and w have not yet been determined. As a system of three 

, 
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independent equations for the three undetermined complex constants, the equations 

are extremely solveable, and writing al + ib1 as f - i>. from the WTC analysis above 

shows (after a great deal of algebra) that the c and w chosen by the system (2.53) 

through (2.55) are the same as the c and w chosen by the WTC method, namely 

the SH front speed c. 

2.7 Conclusion 

Three things have been accomplished in this chapter. First, it has been shown that 

in most of the sub critical regime there is only one front. In particular, at any given 

It there is only one finite amplitude wave number ko in the band It - k2 > -136 which 

allows connection to zero with c > O. Outside of this band a continuum of fronts 

may exist, but they have c < 0 and therefore correspond to solutions which pinch off 

the finite amplitUde plane wave states. For It > -136' the otherwise stable laminar 

state can be destabilized by a unique front with a precisely determined speed. 

This unique speed is given by the WTC analysis, and corresponds to the speed 

c at which an SH connection exists. This is the second thing accomplished in this 

chapter: applying the WTC method to find the unique subcritical fronts. It was 

also shown, by means of the reduction of order hypothesis, that the WTC method 

yields SH connections. However, nothing in the WTC method was specific to p < 0, 

meaning that it gives the SH fronts for all p. 

Finally, all of the machinery to understand the phase space of QCGL has been 

developed. For the subcritical case, the purpose of this machinery was demonstrating 

that only one front exists and that it is SH. However, in the next chapter we return 

to competition in a continuum of fronts. The machinery in the second chapter not 
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only shows the existence of the continuum, but also gives critical information about 

the structure of fronts in the continuum. In the real equation, the structure of 

the front (ie. the asymptotic exponential dependence) was integrally related to its 

dominance, its stability, and to the convergence of unstable fronts. As will be seen 

in the next chapter, the structure of the fronts is just as relevant in the complex 

equation. 

... 
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Chapter 3 

Supercritical Fronts in the Complex Equation 

3.1 Introduction 

What we have done so far is to show that the uniqueness of real, sub critical fronts 

in rQCGL persists in the sub critical region of the complex equation QCGL. Since 

only one front exists, there is no question of competition or dominance between 

fronts. Nonlinear destabilization of the ground state must progress at a particular 

speed (c) and leave behind a particular plane wave state. It is possible to have 

subsequent development from this plane wave behind the front (see, for example, 

Hakim, Pomeau and Jakobsen [13]), but the question of how rapidly the laminar 

state is lost has already been answered in the subcritical regime. 

In the supercritical regime there is a continuum of fronts, which compete with 

one another. The question of which front will win is open. The front corresponding 

to greatest temporal growth about zero is the winner in the real case, and it should 

be expected that this also holds in the supercritical complex equation. The front 

whose envelope has maximum temporal growth among fronts should be the winner. 

The results of this competition are more interesting in the complex case, different 

speeds occasion different plane wave states behind the front. A space invariant 

wave may have the lowest 'potential energy' in some sense, but front competition 
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may force the system to choose a less preferable plane wave. Tracing this idea 

backwards to some physics, destabilization in convection will probably not occur 

via uniform convective cells (unless that is somehow forced by the experimental 

geometry) Rather, behind a front moving into an unstable state convection is likely 

to occur in blobs of convection cells whose envelope is a plane wave. Thunderclouds 

which occur and propagate over a strongly heated landmass are an everyday example 

of this process. In the complex equation, figuring out the dominant front is more 

than just figuring out how quickly an unstable state vanishes. Answering the front 

question describes the structures that are likely to occur when the system evolves 

from instability; it describes what clouds we are likely to see and how far apart they 

should be spaced. 

3.2 Kolmogorov-Langer in the Complex Case 

As was the case in the first chapter, the Kolmogorov [15]] stationary phase argument 

can be used to find the asymptotic form of a front when a continuum of fronts is 

possible connecting to an unstable state. The method of stationary phase corre

sponds to finding the fastest mode among all possible unstable modes about the 

ground state, an interpretation due to Langer [11]. Consider QCGL with the initial 

condition 

and 

i: /Ai/ dx ~ 1. 

In the regions where A remains small, it is possible to write 

A(x, t) = J A(k) exp [ikx + n(k)t] dk, (3.1 ) 
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where 

and 

n(k) = J.' - k2(1 + i(3). 

Unless otherwise stated all integrals will be assumed to range from -00 to 00. The 

form of n follows from the linear portion of QCGL. The Kolmogorov approach is to 

evaluate (3.1) asymptotically for t large in the region 

x = z +ct 

with z and c both of order one, but c undetermined. In terms of z and c, (3.1) 

becomes 

A(z, t) = J A(k) exp [ikz + h(k)t] dk, (3.2) 

with 

h(k) = ick + n(k). 

Expression (3.2) will be evaluated using the method of steepest descents. Asking 

that h(k) be critical gives the requirement 

h'(k) = 0, 

or 

ic + n'(k) = ic - 2k(1 + i(3) = O. (3.3) 

This gives a relationship between c and k 

c* = -2i(1 + i(3)(k* - it\*), (3.4) 
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where (.)* denotes a quantity determined through steepest descents. For the time 

dependence in the integral (3.2) this gives 

To be stable in time the approximation must satisfy 

Real[h(k*)] = O. (3.5) 

This last expression is what gives "stationary phase" its name. The condition (3.3) 

is equivalent to the Langer condition for finding the maximum speed among modes 

in the linear portion of QCGL, while the condition (3.5) corresponds to requiring 

the growth rate of the mode to be zero in its own frame of reference, which is the 

second condition imposed by Dee and Langer [11]. The two requirements (3.4) and 

(3.5) give 

with 

k* = 
{3Vii 

V! + 182 ' 

..\" 
k* 

= -- and 
{3' 

w* = -(3Il· 

A is given asymptotically as 

Using 

h" = -2(1 + i{3):, 
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we arrive at the final asymptotic form for Aj 

A [ 7r l~ A(z, t) '" A(k*) (1 + i,8)t exp [(,x* + ik*)z + iw*t]. (3.6) 

As the next section will demonstrate, the speed c* given by the Kolmogorov

Langer approach is the maximum speed in a continuum of observable fronts. How

ever, as will also be shown in the next section, this is not always the maximum 

speed among all observable fronts. The SH fronts can have faster speeds, and the 

first chapter suggests that the more rapid speed dominates. In the next section, the 

relationship between linear and nonlinear fronts is discussed, as well as when we 

should expect to find a front with speed greater than c*. 

3.3 The Supercritical Continuum of Fronts 

Everything seems to work nicely when ,8 = 'Y = O. As was shown in the third 

section of the previous chapter, trajectories in the Galilean ODE (2.17) obey a 

nonconservation of energy statement (2.20). This has the form 

o ~ LHS = d~ [E(B)]. 

The total "energy" is 

and A is written in a travelling frame 

A(x, t) = B(z)eiwt• 

Figure 3.1 shows a contour plot of E(B) over the plane defined by the axes IBI and 

IBzl. A ridge of maximum potential occurs at Inl = Rs for all IBzl The plane wave 
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states 

B = Reikz 

occur on a curve 

or 

IBI2 = R2 = ~ [1 + Jl + 4{p - k2)]. 

Thus the amplitude of the plane wave states decrease as the wave number increases, 

which means that the plane waves reside within the potential well of zero, inside the 

ridge of potential maxima. 

Trajectories which begin as plane waves and satisfy c > 0 must therefore be 

attracted to zero; the energy formulation (2.20) forces trajectories which start within 

the basin of the potential well to move to lower energy levels. Since zero is the unique 

minimum of the energy E{B) when p > 0, trajectories which start at any plane wave 

are attracted to zero for any c > O. Existence of a continuum of front speeds for 

each plane wave state is thus insured. 

The phase space structure discussed in the second chapter can be used to obtain 

more information about the continuum of front speeds. From (2.2) we know 

with 

B ~ Rikoz as z ~ -00. 

Also, from (2.12) and (2.13) IBI ~ 0 as 
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Iz,n 

Figure 3.1: Equal energy contours for the complex potential V when 0 < 1". 
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The exponential coefficients are given by 

k2 - U2 = It and 
00 00 r-

The last two equations are a pair of hyperbolas; their intersection in general circum

stances with p. > 0 is shown in figure 2.2. The intersection uoo , koo is a sink in the 

invariant r = 0 plane, which lies to the right of the vertical axis Uoo = -~. 
The fact that Uoo > -~ in the p. > 0 regime allows the integral to converge in the 

perturbation argument from chapter 2. Perturbing the real subcritical solution into 

the complex plane illustrated that subcritical solutions are unique; perturbing the 

continuum of supercritical solutions will show that a continuum of complex fronts 

exist, parametrized by speed and wavenumber. To see this let I{z) be a real front 

solution: 

In + colz + I-tl + 13 
- J5 = 0, 

lim I - R", z--oo 

lim I = 0, and z_oo 

l' Iz ,\ < O. 1m - = z-oo I 

Note that ,\ = U oo for koo = O. Introduce the perturbation ansatz from chapter 2: 

k = eTJ, 

ko 
TJ --+ k_oo = - as z --+ -00, 

e 
c = CO+ e2cl' 

w = cok_oo + e2cl k_oo , 
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z - x - ct, and 

r(z) = I(z) + e2g(z). 

We may write (2.19) as a system in rand k; 

r" + cr' + J1. r + r3 - k2 r - rlS = 0 and (3.7) 

(w - ck)r = k'r + 2kr'. 

At leading order in e the first equation is satisfied. This occurs because of quadratic 

dependence on the wave number, which is why form this form was chosen for the 

perturbation. The second equation at order e becomes 

(w - Co1])J = 11]' + 21]1', 

or 
d1] I' d 
dz = w -1][co + 27] = W -1] dz [coz + In(J2)]. (3.8) 

Equation (3.8) has solutions 

(3.9) 

The solution converges as z --j. -00, 

since I --j. RII , and therefore 

lim 1] = W = k_oo , 
z_-oo Co 

provided Co > 0, or J1. > -l~' As z --j. 00, 

. J~ f2(()e coCd( 
lim 1] = W hm ---=oo=-=~ __ _ 
z-oo z-oo J2(z)ecoz 



l. 

. J2(z)ecOz 
- w lIm --.,;.......;..".:.-.----,-. 

%-000 eCO %( coJ2 + 2J J') 

1
. J2(Z) 

- W Im...,...--.-..;...--.;...,~~ 
%-+00 (co + 2>.)J2(z) 
w 

- Co + 2>.' 

where we have used L'Hospital's rule. 
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(3.10) 

In chapter 2, (3.10) showed that the perturbation attempt fails at leading order 

because koo = f1]oo had opposite sign from ko. That was impossible because the 

trajectory could not cross the invariant k = 0 plane. The opposite sign of koo 

occurs becuse Uoo < - ~ for the subcritical fronts. But in the supercritical fronts, 

o > U oo > -~ implies that the denominator of (3.10) is positive and therefore that 

koo is of the same sign as ko. Hence there is a continuum of supercritical fronts with 

speed co, but with differing wavenumbers at -00. 

3.3.1 Parametrization of Complex Fronts 

Since the perturbed integrals in the (3 = , = 0 equation converge, it is likely that a 

continuum of fronts continues to exist when the equation is perturbed into (3, , ::f o. 
To see this recall equations (2.5) and (2.6): 

r" + cr' - 2(3kr' - (3k'r + r3 - r5 - 0 and 

k'r + 2kr' + (3r" - (3k2r + ,r3 - (w - ck)r = O. 

Introduce the perturbation ansatz (2.26) from the second chapter: 

k - f1], 
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fi = f.fil' and 

'Y - f.'Yl; 

where 

k = f.T/ ~ f.k_oo as z ~ -00, 

and f satisfies 

f" + cof' + p.f + f3 - f5 = O. 

The amplitude and speed scale with f.2 because these quantities are related quadrat

ically to k near ko = O. The parameters fi and 'Yare scaled linearly in f. because 

they break the quadratic symmetry in k. 

Let us introduce the perturbations (2.26) into (2.5) and (2.6). At order f., (2.5) 

is satisfied identically, whereas (2.6) becomes 

T/' + 2T/f + fid" + C,IP - (w + coT/)! = 0, 

or 

f" d 
T/' = w - fi17 - 'Y1J2 - T/ dz [coz + In(J2)]. 

Equation (3.11) may be integrated directly, 

In the limit z ~ -00, f" = 0 and (3.12) becomes 

w - 'Y1R2 
T/ ~ S = k_oo , 

Co 

(3.11) 

(3.12) 

as it should. As z ~ 00, f ~ A = Uoo and €T/ ~ f.T/oo = koo, where Uoo and koo were 

determined by analyzing the invariant r = 0 plane of the phase space. Evaluating 
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(3.12) in this limit gives 

• • eCO
Z J2[W - [31 if - 'Ylf2] 

11m '" = 11m ---:-~---:.-==--z-+oo z-+oo ecoz [2J JI + cof2] 

by L'Hospital's rule, and therefore 

w - (3)..2 cok_oo + 'YIR~ - (31)..2 

"'00 = Co + 2)" = Co + 2)" • 
(3.13) 

If we evaluate (2.10) on r = 0 according to the perturbation ansatz (2.26), 

satisfying (2.10) at leading order gives the restriction 

(3.14) 

Together (3.13) and (3.14) define "'00' koo in terms of [31, 'Yl and known quantities. 

Thus, a known real front with speed Co is mapped uniquely into a complex front 

with the same approximate speed and asymptotic states which depend on how [3 

and 'Yare perturbed. 

These arguments show that each state Reikoz connecting to zero at a particular 

speed Co may be perturbed uniquuely into a similar front connecting a nearby plane 

wave to zero with speed Co and different [3 and 'Y' The continuum of fronts when 

[3 = 'Y = 0 continues to exist for nonzero (3, 'Y, is parametrized not only by c, but also 

by ko (or equivalently by w). We may interpret this to mean that when a plane wave 

is chosen to begin with, i.e. ko chosen within some band about k = 0, a continuum 

of c exists which allow the state to connect with zero. 

3.3.2 Complex Analogue of Critical Damping 

Since the entire continuum of fronts is in some sense a perturbation from the real 

fronts discussed in the first chapter, it is reasonable to expect an analogue of critical 
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damping phenomena. Let A = B(z)eiwt be a front solution of QCGL. Then B 

satisfies 

(1 + i(3)Bu + cB" + (J.t - iw)B + (1 + i-y)BIBI2 - BIBI4 = 0, (3.15) 

with 

lim B - Reiko", "_-00 

lim IBI - 0, "_00 

R4 - R2 + k5 - J.t - 0, and 

,R2 - (3k5 + cko = w. 

A generic ODE trajectory in (3.15) approaches a fixed point as slowly as possible. 

Taking the linear part of (3.15), which is satisfied as IBI grows small, gives 

(1 + i(3)Bzz + cBz + (J.t - iw)B = O. (3.16) 

The characteristic equation for (3.16)is 

(1 + i(3) .. 2 + c).. + J.t - iw = 0, 

and hence I B I decreases as B '" e'\z, wi th 

Real[)..] = )..ODE(C, w) = Real [2/1 ~ ~2) (-c + /c2 - 4(1 + i(3)(J.t - iW))] . 

The positive sign is chosen of the two possible roots for the characteristic equation 

because it gives greater real part; it is the continuation of the asymptotic branch 

which gives ODE behavior in the real equation. In this case, however, the asymptotic 

exponential dependence depends on the finite amplitude state ko, R through w. 
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Thus, for each finite amplitude state there is a continuum of asymptotic dependence 

parametrized by c and w. 

The asymptotic dependence of ODE trajectories must be contrasted with the 

preferred asymptotic behavior of temporally unstable modes in the PDE. As IAI -+ 0 

in QCGL, A '" e(17+iw)t+,\z implies 

(J' = (1 + i(3)~2 + c~ + I' - w. (3.17) 

A persistant front must have trivial temporal behavior in its own frame of reference, 

and (J' = 0 in (3.17), which gives the same equation for ~ as in the ODE case. 

However, the PDE will choose the mode of (3.17) with more negative real part, 

since this corresponds to greater growth away from zero in a stationary frame of 

reference. Hence 

~PDE(C,W) = Real[~] = Real [2t1 ~i:2)(-C - vc2 - 4(1 + i(3)(f.l- iW))] . 

The negative sign is chosen for this root of the dispersion relation because it is the 

complex extention of asymptotic behavior for the real PDE, corresponding to more 

negative real part. 

Since the trajectories are complex, comparing the complex exponential depen

dence of the PDE and ODE behavior shows nothing. What we are interested in 

is the asymptotic exponential dependence of the envelope of the wave as it grows 

small. A trajectory with asymptotic decrease ~ODE is unstable to a mode moving 

at the same speed when the exponential structure dictated by ~PDE is steeper than 

that dictated by ~ODE' This instability is not possible when the two dependences 

agree, that is when 
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In the first chapter, the critical damping occurs when the term responsible for 

the difference between the PDE and ODE asymptotic behavior, the square root 

term, has vanishing real part. This corresponds to agreement of PDE and ODE on 

the asymptotic structure of the envelope of the front as it approaches zero. For a 

particular w, excluding for the moment the possibility of a SH connection, agreement 

is given by 

Real [(1 - i(3h/c2 - 4(1 + i(3)(p, - iw)] = o. (3.18) 

To find the c for which this occurs given a particular w, let 

a + bi = vc2 - r(l + i(3)(p, - iw). 

Then 

a2 = ~ [c2 - 4(p, + (3w) + V[c2 - 4(p, + (3W)]2 + 16(w - p,(3F] , 

and 

The condition (3.18) is satisfied when a + b(3 = 0, which yields 

a2 = ±2,8(w - p,,8), 

and solving for c gives 

(3.19) 

Since ±w1f3 > 0 (being the square of a real number), the sign of the last term in 

(3.19) is the sign of ((32 - 1). 1,81 < 1 includes the purely real equation, so that 

in the parameter regime we've been considering the last term of (3.19) is negative. 

Equation (3.19) defines the parametrization fo the class of observable fronts, which 
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are a one parameter family even though the class of all front solutions is a two 

parameter family. 

To find the maximum speed for which (3.18) is satisfied, consider how c varies 

in (3.19) as w is changed. Since the last term in (3.19) is always nonpositive in the 

parameter regime we're examining, a maximal c value occurs when w is chosen so 

that the last term is zero. Hence, the maximum speed giving agreement between 

ODE and PDE behavior occurs when w = /t{3. Putting this w into (3.19) gives the 

maximal speed for a stable front (outside of a SH front) 

(3.20) 

Equation (3.20) gives the maximum possible speed in a continuum of possible speeds, 

but it is possible for a strongly heteroclinic speed, c, to exist with c > C". In the 

next part of this section we will examine the continued existence of SH fronts in the 

supercritical regime. An exact solution for the SH front will be determined in the 

fourth section. 

3.3.3 The Continued Existence of SH Fronts 

Recall from section 2.2 that for QCGL the invariant r = 0 plane has two fixed 

points for each pair c, w. These fixed points are denoted (r, u, k) = (0, u±, k±). 

When fl < 0, u+ > 0 and therefore no front may have the behavior 

11z 'k B ~ u+ + z + as z ~ 00. 

As was discussed in section 2.2, (u+, k+) is a sink in the r = 0 plane, while (u_, k_) 

is a source. Thus, in the phase space of the ODE (2.8) both (u±, k±) are saddle 

points when fl < O. Since u+ + ik+ is not admissable front behavior, all subcl'itical 
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fronts have asymptotic dependence tl_ + ik_. This dependence is a saddle point 

with a one-dimensional attracting manifold, so the connection is non-generic and 

SH in the ODE phase space. 

In section 2.4 it was demonstrated that the SH fronts do not perturb to any 

nearby fronts at the same value of p, < O. Since the connection to u_ + ik_ is SR, 

and this point is a saddle for any values of /1, the SH fronts don't perturb to nearby 

fronts when p, > 0 either. A slight change of the SH frontal trajectory causes it to 

miss the attracting manifold of (u_, k_). The repelling manifold of this fixed point 

is two-dimensional, and the trajectory has no choice but to leave the vicinity of 

(tl_, k_) entirely. SH fronts therefore retain uniqueness in the supercritical regime. 

The continued existence of these fronts can be asserted because we already have a 

closed form solution for them, given by the WTC method in the sixth section of 

chapter 2. 

The only question that remains to be answered about the SH front speed c is 
when is it greater than the marginal speed? Equivalently, when is the asymptotic 

decay of the envelope of the WTC front steeper than the decay of the marginal front 

with speed C"? The nonlinear envelope has steeper decrease when 

~ -V I+,82 = -A* < -A. 

The exponential coefficient .x is determined from the WTC analysis by 

with 
2 ±';4 + ,82 

Q = 2,8 



l 

118 

and 

This gives an inequality 

(3.21) 

The inequality (3.21) is certainly satisfied for It ~ O. Hence we may replace (3.21) 

with an equality, and then extract the roots for a range of values which includes 

It = O. Therefore we seek roots of 

1 C 1 C2 _ (3 4a2) (j(2({ - 2a)2 _ ) 
3 + 4{32 = 3 + 4{32 + fJ (1 + 4(2)2 It· 

Squaring both sides and eliminating some terms gives 

which has the solutions 

.JiI = C [1 ± C2 _ ({ - 2a)2(2 + 3(32) (3.22) 
{(1 + (32) 2 + 3{32 (1 + 2,{3 + 2a, - 4a(3)2 

Equaton (3.22) gives the boundaries of the range of It in which we are interested, and 

the range should include It = O. From the first chapter, when (3 = , = a = 0, the 

critical value of It is Itc = ~. A little checking shows that choosing the + sign in (3.22) 

gives this boundary. Therefore for nonzero but not too large complex parameters, 

the nonlinear WTC solution has steeper asymptotic decay when It < ltc' where 

_ CV(1 + (32) [1 C2 _ ({ - 2a)2(2 + 3(32) 
Itc - + ( . 2 + 3{32 1 + 2,{3 + 2a, - 4a(3)2 
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3.4 Complex Liapunov Functional Argument for 
Front Stability, 

For the case /3 = I = 0, a Liapunov functional argument can be used to illus

trate why maximal asymptotic decrease corresponds to stability in a front. In some 

respects, the analysis presented in this section is the same as the Liapunov argu

ment presented in the first chapter. Certainly the results are the same; the steepest 

asymptotic decrease in a front envelope gives maximum stability among front so-

lutions. However, when the equations are complex, the wavenumber provides an 

extra degree of freedom. This means that the set of possible fronts is parametrized 

not only by c but also by w. As we saw in an earlier section of this chapter, the 

set of observable front speeds is still a one parameter family (plus the possible SH 

connection), but when /3, I#-O the set of allowable fronts may not all have the same 

wavenumber. Even when /3 = 1=0 it is not clear how the extra degree of freedom 

will affect the Liapunov argument. The purpose of this section will be to show that 

the argument carries over into the complex equation with real coefficients. 

Define the functional 

F(A) = 100 

G(A)dx 

with 

Note that this is the same G as in the first chapter, but defined for the complex 

modulus of its arguments. Taking a time derivative gives 

For convenience I will supress the limits of integration and assume f3 = I = 0 in 
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QCGL from here on out. Using integration by parts and QCGL yields the expression 

which makes F a Liapunov functional; 

(3.23) 

The non-integrated terms in (3.23) occur because the lower limit of the integral is 

zero rather than -00. 

If the solution A is a front, then A can be chosen to be exponentially close to 

a plane wave state Reikoz+iwt at x = O. As was discussed in the first chapter, the 

errors made using this approximation grow exponentially small in time. Then 

and since 

w = cko 

for fronts in this parameter regime the boundary term at zero vanishes. Moreover, 

fronts vanish exponentially as z ~ 00, which means that the boundary term at 00 

also vanishes in (3.23). Thus, F is a Liapunov functional with 

(3.24) 

for solutions A which are near fronts. 

Now consider (3.24) when A = B(z)eiwt is a front solution. For a front 

and thus 
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Here the definition of w has been used. Using the results of the third section of the 

second chapter, this may be rewritten 

In the above expression, r(z) = lEI and k is the local wavenumber, as defined in the 

second chapter. For the functional, then, 

(3.25) 

In the first chapter the derivative of the Liapunov functional was simplified using 

the integral properties of front solutions to QCGL. Chapter 2, section 3 allows the 

same simplification for (3.25). Using equation (2.18) from the second chapter, 

Hence 

d 
4ckokr2 = dz E(B) 

_ ~[ltIBI2 + IBzl2 + ~IBI4 - ~IBI6] . 

-2c2 J IBzl2 + kokr2dz = -cE(Reikoz ), 

and (2.18) simplifies the Liapunov expression: . 
Ft = -CR2 [It + k5 = }R2 - ~R'I] - 2c2 J kor2(ko - k)dz. (3.26) 

The ODE system (2.19) can be used to simplify (3.26) even further. The deriva

tive of wavenumber in (2.19) satisfies 

k' = c(ko - k) - 2ku. 

Multiplying by r2, regrouping, and recalling u = ~ gives 

d 
-(kr2) = k'1,2 + 2krr" = cr2(ko - k). 
dz 
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This last expression provides the simplification 

-2c2 J kor2(ko - k)dz - -2ckokr2 lgo 

- 2ck~R2. 

Substituting back into (3.26) gives a final form for Ft in the front solutions, 

Ft = -cR2 [p + k2 + ~R2 - ~R4] + 2ck2R2 023 0 

= -CR2 [p - k5 + ~R2 - ~R4l 

= -cR4 [~R2 - ~] . 
Equation (3.27) was further simplified using (2.2). 

The RHS of (3.27) is negative when 

3 
/I _ k2 > __ 
,.. 0 - 16' 
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(3.27) 

The results of the first chapter indicate that the preferred front is the observable front 

which minimizes Ft. Naively we might guess that this would be the observable front 

with maximum speed c which connects to a plane wave with maximum amplitude 

R. The condition (2.2) indicates that R is maximal where ko = 0, and therefore 

our simple expectations lead us to believe that the preferred front should be the 

front with ko = 0 and speed maximal. In other words, QCGL with f3 = "y = 0 is 

dominated by the same fronts which dominated rQCGL. 

This result can be shown using (3.27). Let ct, rt(z), and kt(z) be the front 

solution which minimizes the RHS of (3.27) in the set of observable fronts. From 

section 3.2.2, the continuum of observable fronts satisfy 

Real [(1- if3h/c2 - 4(1 + i(3)(p - iw)] , 
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and when (3 = "Y = 0, 

Real [V C2 - 4(# - iw)] . 

This clearly implies the dual conditions on observable fronts 

and 

w=o. 

Thus the continuum of observable fronts speeds for QCGL is the same as rQCGL 

when (3 = "Y = O. Also, since the nonlinear connection is unique in QCGL and all 

solutions of rQCGL are solutions to QCGL, the nonlinear speed c is the same in the 

two equations when (3 = "Y = O. Hence kt = 0 and ct = c* or c, whichever is larger. 

Let A be a nearby front solution, 

The Vi scaling for wavenumber comes from the locally quadratic nature of the plane 

waves near ko = O. Taylor expanding Ft(A) in speed, wavenumber and time 

Ft(A) = ctG + t [ctGt + w'(t)G] + ..j€ctkGk 

+W [G + ctGcJ + €k2Gkk + HOT. (3.28) 

In (3.28) G is G (ejk~z+jwtt) and subscripts denote differentiation with respect to 

time or parameters of the plane wave state. 

Since kb and ct were chosen to minimize Ft in (3.27), we have 
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1 
Gt - €'2Gkkkk'(t), and 

Gkk > O. 

Equation (3.28) becomes 

Ft(A) = ctG + € [t (v'G + kk'Gkk ) + vG + ~k2Gkk] . 
Comparing to the minimum At, 

which gives a condition for times ~ 

(3.29) 

The condition on v and k in (3.29) may be written 

~ [vtG + ~tk2Gkk] > 0 

(3.30) 

Assuming the initial value of the perturbation in k satisfies 

that is, the perturbation of the wavenumber is not too violent, (3.30) implies that 

and 

](1 
v<-

- 1 + t 
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Thus, perturbing into complex fronts does not change the convergence properties of 

the front speed. The velocity of fronts near the maximum observable speed converges 

algebraically from below while the wavenumber of nearby fronts is compressed to 

zero. This is precisely the convergence demonstrated numerically in the next section. 

Also persisting from the real case is the saddle structure of the possible fronts 

with c > ct. As in the first chapter, this saddle structure can be illustrated via 

perturbing Ft with the "companion mode" to the asymptotic dependence of the 

front. As z ~ 00 and IAI ~ 0 for a front, the asymptotic form of A may be written 

A ~ e(·\+ik)z+iwt , 

with A satisfying 

At = JLA + Aww. 

The exponential coefficients satisfy 

(A + ik)2 + C(A + ik) + JL - iw = O. 

and the roots of (3.31) are given by 

A:I: + ik:l: = ~ [-c± jc2 
- 4(JL - iw)] . 

(3.31) 

Generically, since a potential front must satisfy the Galilean ODE, the asymp

totic behavior of the front is given by 

since 0 > A+ > A_ corresponds to the slower asymptotic decrease in the envelope of 

the front. As was mentioned above, the observable fronts satisfy w = 0 and c < ct. 

The companion mode is 

e{L+iL)z+iwt , 
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with wand c the same as for the front. Perturbing by the companion mode allows 

us to evaluate Ft in a travelling frame of reference. 

Let B(z)eiwt '" e(,\++ik+}.c+iwt be a front solution and consider the perturbation 

A = eiwt [B(z) + f.H(z - zo)e(,\-+ik_}z] , 

where Zo is chosen to lie in the tail of the front. In terms of the Liapunov functional 

Ft(A) = -2 J IAt + f.H(z - zo)e(,\-+ik_}z+iwt I2dz 

= -2 J IAt/ 2 + 2e.Pert + O( e.2)dz. 

The perturbation is given by 

Pert - c21 [(A+ + ik+)(A_ik_)ei(k+-k-}z + cc] e('\++>'-}zdz 
Zo 

_ _c2 [(A+ + ik+)(A_ - ik_) ei(k+-k_}zo + cc] e('\++'\-}zo 

A+ + A_ + i(k+ - k_) 

-2c2 
[ 

- (A+ + A_)2 + (k+ _ k_)2 [A+A_(A+ + A_) + A+k: + A_k~] cos(Ii:Zo) 

- [k+k_(k_ - k+) - k_A~ + k+A:]sin(li:zo)], (3.32) 

Here Ii: = k_ - k+ is the wavenumber of the interaction terms. Varying Zo varies the 

phase angle between the perturbation and the front. By translational invariance we 

may choose the phase of the front to be zeroed at O. Then perturbations with Zo E 

[0, 2:] correspond to perturbations which don't force the envelope of the perturbed 

front to change signs and cross the invariant r = 0 plane (and thus resulting in a 

non-front singularity). 

From chapter two (see figure 2.2), both A± < 0, while k_ < 0 < k+ with 

Ik_1 > Ik+l· Hence the sign of the term multiplying cos(,..zo) in (3.32) is negative, 

while the sign of the term multiplying sin(",zQ) is positive. Then 

Pert> 0 
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from (3.32), and 

Hence, the Liapunov functional indicates that the nonobservable fronts are all sad

dles, and therefore unobservable. 

For the observable fronts, A+ = A_, k_ = k+ and the term multiplying cos(I\:Zo) 

in (3.32) is simply tranlating the front envelope forward or backward in z. Choosing 

sin(l\:zo) = -1 puts the perturbation out of phase with the original front, while 

sin( I\:Zo) = 1 perturbs the front with itself (corresponding to time change of F via 

normal translation of the front). For the out of phase perturbation, (3.32) gives 

Pert < 0, 

and thus 

The observable fronts are therefore stable to perturbation via the companion mode. 

The nongeneric case remains to be considered. When c = c, 

corresponding to a nongeneric connection precisely along the strongly attracting 

manifold of zero. From the standpoint of spatial dynamics, there are no nearby 

fronts. Perturbations to the spatial structure of the SH front miss the SH connection, 

skitter along the r = 0 plane and are attracted to the k+, A+ fixed point on the other 

side of k = 0. This was demonstrated previously with a Melnikov-type integral, and 

it was also shown that such a perturbation occasions a jump in wavenumbel'. This 
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changes (3.32) to 

Pert = (A+ + A_)22~2 (k+ _ k_)2 [[A+A_(A+ + A_) + A+k: + A_k~.J cos(I\;Zo) 

- [k+k_(k_ - k+) - k_A~ + k+A:] Sin(l\;zo)], 

and hence 

Pert < 0 

for the nongeneric connection. This gives 

for the nongeneric connection. As in the first chapter, when an SH connection exists 

these arguments show that it is the fastest front which isn't a saddle for the Liapunov 

functional. When the SH connection is not possible, the marginal speed c* is the 

fastest stable front. 

3.5 Confirmation of Speed Convergence 

From earlier sections, we expect that ct, the preferred speed of spread of nonlinearity, 

will be either c* or c, whichever is greater. Equivalently, the front with steepest 

envelope is predominant. We also expect that convergence to the preferred front 

will be via acceleration through the set of observable front speeds. The purpose of 

this section is to numerically confirm this convergence. In earlier sections, it was 

shown that the f3 = , = 0 front structures perturb into f3 and , small, even if 

the Liapunov functional doesn't. It will be shown numerically that the convergence 

properties of fronts perturb in f3 and ,. 

Numerical solutions to QCGL for arbitrary f3 and, were obtained using a split

step numerical method, Fourier differencing in space was coupled at half-step intet'-
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vals with Runge-Kutta differencing in time. As was mentioned in the first chapter, 

the accuracy of this method has been discussed in Bernoff [5] and Powell and Bernoff 

[23]. Initial conditions were set using front solutions to the ODE set (2.7) with ko 

and c = Co chosen. Since Fourier differencing requries a periodic domain, the initial 

ODE solution was reflected about x = 0 using the symmetries 

x -+ -x, 

This initial blob solution was then allowed to evolve via the split-step method. 

Much of the confirmation of earlier results involves diagnosing the instantaneous 

speed of a solution. Writing 

A = B(z)eiwt , 

we have 

Therefore 

At . Bz . . k - = zw - c- = zw - zc - cu. 
A B 

Here u(z) and k(z) are the local exponential spatial variables defined in the second 

chapter. Thus the local front speed may be written 

[
AtIAI] 

Clocal = -Real AIAlx . 

To get a uniquely defined front speed, Clocal was diagnosed at the first spatiaiiocation 

with IAI = .1. 
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The first two subsections of this section will be concerned with the convergence 

of fronts in QCGL with (3 = , = O. The first subsection will deal with convergence 

to the nonlinear front speed when P < Pc, while the second will demonstrate conver

gence to the linear marginal speed (p > Pc). In the third subsection, these results 

are shown to perturb into nonzero (3 and ,. 

3.5.1 Convergence to c* 

The numerical runs in this section were done with (3 = , = 0 and p = 1 > Pc = ~. 
The periodic spatial interval ran from -3011' to 3011' and was resolved by 2048 Fourier 

modes with a time step of .05. Above the critical stress parameter Pc, c· > c and 

" ... < X and therefore we expect that fronts should converge to the linear marginal 

speed, c ... = 2V p(l + (32) = 2. As was stated above, the simulations were initialized 

with a reflected front solution of speed and trailing wavenumber Co, ko respectively. 

Convergence to c ... is expected to be through the continuum of observable fronts, 

since this forms a semi-stable manifold of solutions ending in the stable solution 

with speed c .... 

The front simulation illustrates the ocnvergence of speeds from below. The run 

was initialized using Co = 1.5, ko = .1 for an ODE solution. Figure 3.2 illustrates the 

convergence of local speeds, diagnosed in the tail of the pulse. The curve marked A 

is a plot of diagnosed front speeds from the simulation, while the curve B is a plot 

of 

to be used for comparison. Notice that the speeds converge to c· slightly faster than 

CB, which confirms the predictions of the previous section. 
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Figure 3.3 illustrates that the convergence of fronts to speed c ... is along the 

manifold of observable fronts. Each individual plot is a slice of the front (curve A) 

plotted in the IAI vs. IAlz phase space. The curve B is an ODE solution connecting 

the finite amplitude state behind the front to zero using the speed Clocal diagnosed 

as above. Each time slice is taken to be three nondimensional time units apart, 

beginning at time 3 and ending at time 18. Note that the A and B curves are close 

to one another in all the pictures, illustrating that convergence to c ... is through the 

spatial structure of observable fronts. 

The second simulation is intended to illustrate that the manifold of observable 

fronts attracts and organizes the convergence to c .... This simulation was initialized 

using Co = 2.5 > c ... and ko = .1, definitely not a solution near the observable fronts. 

Figure 3.4 is a plot of Clocal{t) (curve A) and CB(t) (curve B). Notice that the local 

speeds collapse rapidly to a speed below c ... and then algebraically accelerate to 

converge to c .... 

Figure 3.5 illustrates the spatial structures occuring at time slices between time 

3 and time 18 in the same manner as figure 3.3. Curve A is the simulation front 

plotted in the IAI vs. IAlz phase space while curve B is the solution to the ODE using 

C = Clocal' The first picture shows curves A and B to be separated, corresponding 

to a transient along the collapse of Clocal to some point below c .... In later slices, the 

spatial form of the local (in time) fronts closely matches the form of the simulation. 

This illustrates that the set of observable fronts is a preferred route of convergence 

to the maximum speed in this regime, C". 
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Figure 3.4: Convergence of front speeds to c· = 2 when (3 = "y = 0, starting with 
Co = 2.5 and ko = .1. 
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3.5.2 Convergence to c 

Here the numerical runs have been done with (3 = 'Y = 0 but also with /.l = ~ < ~ = 

/.le, so that we expect convergence to c = 2 - ~ '" 1.42. The first simulation was 

initialized with ko = .1, Co = 1.8 and allowed to evolve in time via the PDE solver. 

Figure 3.6 depicts the convergence of speeds Clocal in the tail of the fronts (curve 

A). Note that, as in figure 3,4, the local front speed collapses rapidly to a speed 

below c and then accelerates. The curve B is a plot of CB(t) as above, included for 

comparison. The two curves converge to different speeds, CB -jo c" and C/oca/ -jo C. 

The shapes of the two curves indicate that the convergence of Clocal is algebraic rather 

than exponential. Algebraic convergence is to be expected as the front accelerates 

through the manifold of observable fronts. 

Figure 3.7, as figures 3.3 and 3.5, illustrates that the spatial sturcure of the PDE 

front is locally close to the spatial structure of the ODE solutions. Curve A is the 

actual front solution, plotted at a particular time in the IAI vs. IAlx phase space. 

Using Clocal! the finite amplitude state behind the front was connected to zero using 

the ODE solver, and this connection is plotted as curve B in the same phase space. 

The agreement between the two curves is close, indicating that in the /.l < /.lc regime 

the observable fronts organize convergence just as they did for the /.l > /.lc regime. 

In the first chapter, initializing the real equation rQCGL with a Co < c front 

in the /.l < /.lc regime resulted in convergence via leaving behind a stationary wave 

singularity. In the complex equation, a wave singularity with IAI = 0 is unlikely. 

Such singularities are topologically unstable in one spatial dimension. However, the 

spatial structure of the ODE phase space demands that converging fronts make a 

jump in wave number somehow. As was shown in the second chapter, the wavenum-
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ber of the SH connection is of opposite sign from the wavenumber of the observable 

fronts. And since the strong attraction to zero of the SH manifold compresses any 

nearby variation, it is impossible for fronts to converge to c by sneaking up in the 

, vicinity of zero. Fronts must make an adjustment at finite amplitude that will allow 

them to approach is and make the jump in wavenumber. 

This sequence of events is depicted in figure 3.8, where time slices of the front's 

amplitude and wavenumber are plotted as functions of x The wavenumber quickly 

develops large amplitudes as it attempts to leave the vicinity of observable fronts. 

As it succeeds, it is able to develop a "twist" in wavenumber, after which it can com-

fort ably converge to the SH front. Note that most of the interesting dynamics occur 

now in twists of the wavenumber, as opposed to singularities in the amplitude as in 

rQCGL. The twists also propagate with the tail of the front, unlike the amplitude 

singularity in rQCGL, which was stationary. Even though the spatial structure of 

the front must contort to converge, the tail of the front attempts to move along the 

manifold of observable speeds, as is indicated by the smooth acceleration of local 

speeds depicted in figure 3.9 

3.5.3 Convergence for Perturbed f3, "'I 
, 

The runs in this section were initialized using f3 = -, = .1 with ko = .1. The 

simulations are not intended to be exhaustive, but rather to show that the interesting 

convergence phenomena of the f3 = , = 0 case carryover into small f3 and ,. 

In the first simulation, I chose an initial speed of Co = 1.2 for .5 = Il < Ilc in 

order to see if the convergence by means of a phase twist carries through into the 

complex coefficient regime. Figure 3.11 is a plot of diagnosed C/oca / (curve A) and 
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CB(t) (curve B). Note that the convegence to the speed c is more rapid than the 

convergence of CB to C·, but is still algebraic as expected. Also, the convergence is 

from below, as expected. 

Figure 3.10 is a plot of wave amplitude and wavenumber as a function of x for 

six time slices at intervals of three nondimensional time units, starting at time 3 and 

ending at time 18. Notice tha.t the qualitative aspects of front development for the 

complex equation are the same as the development of the front in figure 3.8. The 

SH connection forces the fronts of slower speed to converge by means of a phase 

twist in wave number at finite amplitude. The work of Coullett and Lega makes 

this reasonable; changing from real to complex parameters shouldn't change the 

topological instablility of zero-amplitude singularities in one dimension. Since the 

SH front attaches to an opposite sign wavenumber from the continuum of observable 

fronts, the only option that remains for convergence is a propagating wavenumber 

twist. 

For the second simulation in complex parameters, I chose p. = 1 > P.c and 

Co = 2.5 > c·. The purpose of this simulation was to illustrate that the manifold of 

observable fronts is still the preferred route of convergence in the complex equation. 

Figure 3.12 shows the convergence of local front speeds (curve A) as compared 

with a theoretical envelope of convergence (curve B, a plot of CB(t)). Note that 

Clocal converges to c· more rapidly than inverse time, but still not as rapidly as 

exponential. Hence, the convergence of fronts speeds remains algebraic and from 

below, as predicted. 

Figure 3.13 illustrates that the convergence is along the manifold of obserable 

fronts. Each picture is a time slice of the front (curve A) at times 3 through 18, 



&..I 

9 ... -It 
z c 

~ • M 

IQ I!J 

m m 
I'll I'll 

.-' 
r-

~ Il\ Il\ - -
~ 

m m - -/ 
~ 

~ ~ 
III III 

Il\~ a: Il\~ - w -I- m I-~ -~ 

It"" m~ i IIII~ 

~ ~ 
~ 

............ 

............ 

-., 

... 
Q. 

1l\.Z' ,-

m -, 
Il\ ... , 
51 
I'll , 
It! 
I'll , 
III 
M 

)( 

~ I'll m m Q • I'll m' . . . . . . . - - -dHV 3WI 

&..I -> Q. 
c :a 1l\.Z' ,-

)( 

III -, 
Il\ -, 
51 
I'll , 
Il\ 
I'll , 

~~~~~~~~~~~~ 
~ ~ ~ ~ ~ . ~ ~ ~ ~ ~. , , , , , 

1l3SHnN 3AV,", 

143 

Figure 3.10: Amplitude and wavenumber versus space for the front initialized with 
Co = 1.2 and ko = .1 and J1. = ~, f3 = -"( = .1. 
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Figure 3.11: Acceleration of front speeds to c when {3 = -"'I = .1, starting with 
Co = 1.2 and ko = .1. 
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Figure 3.12: Convergence of front speeds to c· when f3 = -"{ = .1, starting with 
Co = 2.5 and ko = .1. 
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plotted in the IAI vs. IAlx phase space. The pictures are ordered as are pictures in 

figures 3.3; from left to right and up to down as time steps through intervals of lenth 

3 in time. The curves B are actual ODE solutions connecting the finite amplitude 

state behind the simulated front to zero using Clocal diagnosed as above. In the first 

picture, the curves A and B don't agree, corresponding to a transient in the motion 

of the initial front (which is off the manifold of obserable fronts) to the observable 

front manifold. Later pictures illustrate the agreement of the curves A and B, which 

shows that the fronts prefer to converge along the manifold of observable fronts to 

the most stable front in that class moving at speed c~. 

The convergence properties of front solutions to QCGL are not restricted to the 

(3 = "y = 0 case, even though that is the only case I proved using the Liapunov 

functional. Even in the complex case, the convergence to the preferred front was 

algebraic and from below. This is because the manifold of observable fronts persists 

when (3 and "Yare nonzero; the observable fronts remain observable because the 

shapes of their envelopes are stable with respect to traveling perturbations (ie the 

spatial structure of the front mode and the companion mode are the same). Since 

these fronts form a manifold and are parametrized by c, they are in some sense a 

center manifold and organize the convergence of fronts to ct. When the maximum 

observable speed is c" this is the end of the story. Fronts move along the observable 

manifold until they reach c .. and then they stop. When the fastest observable speed 

is c, the tails of the fronts attempt to move along the manifold of observable fronts 

(inicated by the convergence of Clocal from below) while the finite-amplitude structure 

of the converging front must equilibrate to make the jump in wavenumber to the 

SH front. But in both cases, it is the manifold of observable fronts which play the 
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dominant role in convergence, and it is ct = max( c"', c) to which they converge. 

3.6 Conclusion 

This chapter caps off the question addressed in this dissertation: What is the pre

ferred mode of front propagation in equation QCGL in all stress parameter regimes. 

In the supercritical regime, the answer is that whatever front corresponds to maxi

mum destabilization about the unstable state wins. As was shown in the first and 

third chapters, maximum destabilization is equivalent to steepest decay in envelope 

or to maximum speed due to the quadratic nature of the linear dispersion relation. 

In the subcritical regime, I have shown that only one front is possible, and therefore 

the only possible front is the preferred means of front propagation. 

Part of the trickiness of the answer comes from the fact that strongly heteroclinic 

(SH) non-generic connections are possible in the ODEs corresponding to QCGL 

written in a traveling frame of reference. At times the non-generic nature of this 

connection allows the corresponding front to have special stability properties. In the 

subcritical regime the SH front is the only front; at the beginning of the supercritical 

regime the SH front is the most stable front. It is suggestive that the SH front has the 

Painleve property and that it satisfies van Saarloos' reduction of order hypothesis, 

but working o'ut the connections is not within the scope of this thesis. 

However, I can note that the manifold of observable fronts is a new discovery 

and may playa central role in working out these connections. Although a Liapunov 

functional doesn't exist for QCGL when /3, "y #- 0, this special manifold of fronts 

continues to organize convergence. It may be possible to define a kind of Liapunov 

functional on this manifold which can explain the nice convergence properties of 
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fronts. It may also be that this manifold is some sort of symmetry manifold, just 

as the observable fronts are the manifold where the k -.. -k symmetry of the real 

QCGL becomes trivial. There is a lot of exciting work left to do in this area. 

Another interesting question for QCGL with complex parameters is about the 

interaction between the Benjamin-Feir band and front propagation. Or, put more 

physically, how do fronts propagate when the state behind the front is turbulent? 

Certainly instability of the plane wave states will strongly affect the SH connections, 

which rely strongly on the stability of the finite amplitude states. But the linear 

marginal fronts, which don't depend on the finite amplitude states, may be unaf

fected. There may be parameter regimes in which the SH fronts should win, but 

cannot because they are connecting to unstable plane waves. Or there may be some 

intermittancy phenomenon, as the SH front gets established for a while, and then 

collapses due to the finite amplitude instability, then reestablishes itself.... Here, 

too, there is clearly more work to be done. 

The suggestive and unexpected result which I have presented in this disserta

tion is that convergence to the nonlinear speed c must be essentially different than 

convergence to the linear speed c*. The spatial dynamics of the ODE insure that 

convergence to c* can be smooth along a center manifold of observable fronts, while 

the solution must go through a spatial contortion of either twisting wavenumber 

or amplitude singularity to converge to the nonlinear speed. In one dimension the 

choice between the two types of singularities (twist or zero amplitude) is a choice 

between topological stabilities- amplitude singularities are stable for real equations 

in one space dimension while they are topologically unstable for complex functions 

in one dimension. In either event, it is very interesting that convergence to the 
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nonlinear solution frequently necessitates some sort of singularity from the solution. 

Since the most physical parameter regime of QCGL is small fl., this suggests a way 

that simple front propagation can spawn some of the defects which occur in one 

dimensional convection. 

This may also suggest a way to spawn defects in higher dimensions. Coullett 

and Lega have shown that amplitude singularities result in spiral waves, and that 

amplitude singularities are topologically stable in two spatial dimensions. If one 

imagines a plane front in a two dimensional field, this plane front obeys one dimen

sional dynamics. It will converge to c if that is the most stable front speed, and it 

may do so by leaving behind a singularity. Since amplitude singularities are stable 

in two dimensions, a nonlinear front may leave behind a spiral pattern or a wave 

defect. Front propagation is natural; an initially unstable field is destabilized by 

some pulse and that pulse spreads as a front. Special convergence to c may suggest 

a reasonable and even-handed way to nucleate singularites in higher dimensions. 

The intuitive methodology presented in this dissertation may also have inter

esting implications for higher spatial dimensions. The basic intuitive idea is that 

the most stable structures connecting an unstable state to anything are those struc

tures which incorporate the most unstable mode about the unstable state. In two 

dimensions this intuitive idea should still hold, but the freedom of the most unsta

ble modes is much greater. In an isotropic system the most unstable linear modes 

have rotational degrees of freedom; fronts and waves may propagate in any direction 

equally well. The arms of a spiral may be propagating as the most unstable linear 

modes, but oriented in a circular pattern to accomodate an amplitude singularity. 

Also, the degrees of freedom of nonlinear or non-generic connections may be higher. 
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In one dimension the non-generic connection was unique, but in higher dimensions 

there may be a continuum of ways to make non-generic connections. This could 

introduce a whole new regime of competition between generic and non-generic, with 

a whole new flavor of end results. 

The idea of non-generic competition may affect some of the basic premises in 

applied mathematics. Much of engineering and physics is predicated on the notion 

that the weakly nonlinear behavior of a system is essentially determined by the 

linear stability analysis about a state which is about to lose its stability. The 

model equation QCGL illustrates that this is not so. Physically, the SH connection 

is an example of a circumstance in which the stability of a nonlinear state (the 

plane waves) is stronger than the instability of the ground state. It is impossible to 

predict the existence and dominance of the non-generic front by linear considerations 

alone. This suggests that near first-order phase transitions, the current physical 

methodology of working from a linear stabily analysis to a weakly nonlinear theory 

may be completely missing relevant physics. 
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